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^-MODULES AND MICRO-SUPPORT 


LESLIE SAFER 


Abstract. ZL-modules are a combinatorial analogue of constructible sheaves 
on the reductive Borel-Serre compactification of a locally symmetric space. We 
define the micro-support of an XL-module; it is a set of irreducible modules for 
the Levi quotients of the parabolic Q-subgroups associated to the strata. We 
prove a vanishing theorem for the global cohomology of an XL-module in term of 
the micro-support. We calculate the micro-support of the middle weight pro¬ 
file weighted cohomology and the middle perversity intersection cohomology 
L-modules. (For intersection cohomology we must assume the Q-root system 
has no component of type Dn, En, or F 4 .) Finally we prove a functoriality 
theorem concerning the behavior of micro-support upon restriction of an E- 
module to the pre-image of a Satake stratum. As an application we settle a 
conjecture made independently by Rapoport and by Goresky and MacPher- 
son, namely, that the intersection cohomology (for either middle perversity) 
of the reductive Borel-Serre compactification of a Hermitian locally symmetric 
space is isomorphic to the intersection cohomology of the Baily-Borel-Satake 
compactification. We also obtain a new proof of the main result of Goresky, 
Harder, and MacPherson on weighted cohomology as well as generalizations of 
both of these results to general Satake compactifications with equal-rank real 
boundary components. 


Contents 


0. Introduction 2 

Part I. C-modules and Micro-support 13 

1. Geodesic Action and Related Bundles 13 

2. The Reductive Borel-Serre Compactification 16 

3. C-modules 18 

4. Realization of C-modules 23 

5. Example: the Intersection Cohomology C-module 27 

6. Example: the Weighted Cohomology C-module 30 

7. Micro-support of an C-module 31 


8. Conjugate Self-contragredient Modules and Eundamental Weyl Elements 32 

1991 Mathematics Subject Classification. Primary 11F75, 22E40, 32S60, 55N33; Secondary 
14G35, 22E45. 

Key words and phrases. Intersection cohomology, Shimura varieties, locally symmetric vari¬ 
eties, compactifications. 

This research was supported in part by the National Science Eoundation under grants DMS- 
8957216, DMS-9100383, and DMS-9870162, a grant from The Duke Endowment, an Alfred P. 
Sloan Research Fellowship, a grant from the Maximilian-Bickhoff-Stiftung to visit the Katholischen 
Universitat Eichstatt as Hermann-Minkowski Gastprofessur, and a grant from the Institut des 
Hautes Etudes Scientifiques. The author wishes to thank these organizations for their hospitality 
and support. 

The original manuscript was prepared with the ./ly\/|<S-lAT^)K macro system and the }^-pic 
package. 


1 



2 


LESLIE SAFER 


9. Alternate Forms of Definition 7.2(i) 35 

Part II. A Global Vanishing Theorem for IL-modules 37 

10. The Vanishing Theorem 37 

11. L^-cohomology with Boundary Values 39 

12. L^-cohomology of H-modules 44 

13. Analytic Lemmas 48 

14. Vanishing Theorem for L^-cohomology 51 

15. Proof of Theorem 10.4 53 

Part III. Micro-support Calculations 55 

16. Micro-support of Weighted Cohomology 55 

17. Micro-support of Intersection Cohomology 57 

18. Proof of Proposition 17.7 60 

19. Proof of Lemma 17.8 61 

20. Proof of Theorem 17.9 64 

Part IV. Satake Compactifications and Functoriality of Micro-support 66 

21. Satake Compactifications 67 

22. Functoriality under Inverse Images 71 

23. Functoriality under Inverse Images (continued) 76 

24. The Basic Lemma 78 

25. The Basic Lemma in the Presence of Equal-Rank Real Boundary 

Components 80 

26. Restriction to Fibers of tt: AT ^ X* 84 

27. Application: the Conjecture of Rapoport and Goresky-MacPherson 85 

References 86 


0. Introduction 

Let X = r\D be an arithmetic quotient of the symmetric space D associated to 
a connected reductive algebraic group G defined over Q. (Here D = G{M)/KAc^ 
where K C G(R) is a maximal compact subgroup, Aq = S'g(R)°, and Sq is the 
maximal Q-split torus in the center of G.) If X is not compact, Borel and Serre 
[11] construct a compact real analytic manifold with corners X whose interior is X. 
The faces of X are indexed by IP, the F-conjugacy classes of parabolic Q-subgroups 
P of G. Each such face Yp is fibered over an arithmetic quotient Xp = Tlp\Dp 
of the symmetric space Dp associated to the Levi quotient Lp of P. The fibers are 
compact nilmanifolds (an arithmetic quotient of the real points of the unipotent 
radical of P) and Zucker [56] collapses these fibers (for all Yp) to obtain a new 
compactification X of X, the reductive Borel-Serre compactification. 

The reductive Borel-Serre compactification is important because it is canonical, 
its singularities are reasonably easy to understand, and the more singular Satake 
compactifications X* (such as the Baily-Borel-Satake compactification in the case 
that D is Hermitian symmetric) may be realized as quotients of it [57]. It would 
thus be desirable to transfer cohomological calculations from X* to X. In this 
paper we develop a combinatorial tool, the theory of L-modules and their micro¬ 
support, to study the cohomology of constructible complexes of sheaves on X. As 
one application, we settle a 15 year old conjecture on the intersection cohomology 
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made independently by Rapoport [39] and by Goresky and MacPherson [24]. In 
fact we prove a generalization: 

Theorem 27.1 (Rapoport/Goresky-MacPherson Conjecture). Let X* he a Satake 
eompactification of X for which all real boundary components h are equal-rank, 
and let it: X X* be the projection from the reductive Borel-Serre compactifica- 
tion. Let E be a regular representation of G and let E be the corresponding locally 
constant sheaf on X. Let p be a middle perversity. Then there is a natural quasi¬ 
isomorphism of intersection cohomology sheaves 7r*2pC(X;E) =2pC(X*;E). 

Recall that D is said to be equal-rank if C-rank°G = rankRT; here is the 
intersection of the kernels of the squares of all characters of G defined over Q. 
The original conjecture was for D Hermitian symmetric and X* the Baily-Borel- 
Satake eompactification. Previously Zucker had observed that the conjecture held 
for G = Sp(4) with E = C. Furthermore, Goresky and MacPherson [24] announced 
a proof for G = Sp(4), G = Sp(6), and (for E = C) G = Sp(8). A proof in the case 
where Q-rankG = 1 was given by Saper and Stern [40, Appendix]. 

The theory of il-modules applies to all D and to sheaves other than intersection 
cohomology, so for future applications we work in a more general context and do 
not assume D to be Hermitian or equal-rank except as needed. 

The paper is divided into four parts: I. H-modules and Micro-support; II. A 
Global Vanishing Theorem for IL-modules; III. Micro-support Calculations; and 
IV. Satake Compactifications and Functoriality of Micro-support. After Part I, 
Parts II-IV may be read in any order provided one is willing to follow up on a few 
references; the last section of the paper, however, uses everything that precedes it. 
We now briefly outline the main results of the paper, after which we summarize the 
notation we will use; see also the semi-expository article [46]. 

O.I. IL-modules on the Reductive Borel-Serre Compactification. (§§1-6) 
The construction of the reductive Borel-Serre compactification X = JJp Xp is 
briefly indicated in §§1-2. Let ip and ip denote respectively the inclusion of a stra¬ 
tum Xp and its closure Xp into X. Let D^(V) be the derived category whose ob¬ 
jects are bounded complexes of sheaves 5 on V whose cohomology sheaves TL{vpS) 
supported on each stratum Xp are locally constant, say induced from graded rep¬ 
resentations £p of Fpp. We would like to consider such objects equipped with the 
extra structure that £p is induced by restriction from a graded representation Ep 
of Lp. 

In fact it is simpler to start with the family of graded representations Ep of 
Lp and construct from it an object of T>p^(X). However we need something to 
“glue” these representations together. Consider two strata Xp and Xq such that 
Xp C Xq, the closure of Xq; this means P Q Q (after perhaps replacing Q by a F- 
conjugate). Let Np A Nq be the corresponding unipotent radicals. The topological 
link of the stratum Xp when intersected with Xq is homotopically equivalent to 
an arithmetic quotient of Np (R) = Np (R) /Nq (R) . A theorem of Nomizu and 
van Est states that the cohomology of this nilmanifold (with coefficients in Eg, the 
locally constant sheaf associated to Eq) is isomorphic to the Lie algebra cohomology 
H{n^; Eq); furthermore this is an isomorphism of Fpp-modules. 

Thus in §3 we are led to consider combinatorial data A4 = {E.,f. ) consisting 
of a family of graded representations Ep of Lp, together with “dual attaching” 
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morphisms fpq: H{np;EQ) i?p for all P C Q. If is required to satisfy 
a certain differential type condition (3.3.1) it is called an L-module. From an L- 
module M one can construct in a natural way an object S^{M) of such 

that T-i{vpS = Ep. 

In fact we may define a category of ^-modules 9Jtoc)(iLvF) for any locally closed 
union of strata W oi X. If fc: IF ^ Z is an inclusion of such spaces, we have 
variants for iL-modules of the usual functors fc*, k\, k*, and k', as well as truncation 
functors by degree and by weight. In §4 we see there exists a realization functor 
Sw- 9Iioc)(iLw) ^ D^(IF) and via Sw the functors /c*, etc. on IL-modules corre¬ 
spond to the usual derived functors on T)^x{W). The point is that these derived 
functors preserve the extra structure. 

There are a number of different incarnations of Sw{M) as a complex of sheaves. 
In the one we find simplest, a global section of Sw{-M) corresponds to a family 
uj = (tap), where tap is a special differential form [22] on Ap C IF with coefficients 
in Ep. The differential on Sw{-M.) consists of the exterior derivative on each tap 
together with interaction terms based on the fpq. 

If Ai is an IL-module on A, we define its cohomology H{X;A4) to be the hyper¬ 
cohomology of the associated complex of sheaves S^{A4). The complexes of sheaves 
underlying many cohomology theories on X can be lifted to IL-modules. For ex¬ 
ample, let if be a regular representation of G. Then there exist IL-modules iG*E, 
XpC{E), and yV'^C{E) which correspond respectively to the ordinary cohomology 
H{X;E) = ii(r;if), the intersection cohomology IpH{X;E), and the weighted co¬ 
homology W^E[{X;E) (see [22]). The latter two H-modules are constructed in §§5 
and 6. 


0.2. Micro-support. (§§7-9) To an iL-module A4 we associate its micro-support 
SS(AI). The micro-support is a subset of the set of all irreducible representations 
of Lp for all P G V. As we will see below, the micro-support of A4 limits the range 
of degrees in which H{X]M.) can be nonzero. (Micro-support here is vaguely 
analogous to the micro-support of a sheaf introduced by Kashiwara and Schapira 
[27], hence the name. There is no formal correspondence however.) 

In order to define SS(AI), let V be an irreducible Lp-module and let denote 
the character by which the maximal Q-split torus Sp in the center of Lp acts on V. 
Also let V\mp denote the restriction of V to Mp = ^Lp, the natural complement 
to Sp. The closed strata Xq containing Ap correspond to subsets Ap of Ap, the 
simple roots of Sp acting on the Lie algebra of the unipotent radical of P. Let 
Xq A Xp be a closed stratum such that 

{ a 1 (Cy + p, a) < 0 } C A^ C { a 1 (^y + p, a) < 0 } 

where as usual p denotes one half the sum of the positive roots. Then V belongs 
to SS(AI) if and only if 


( 0 . 2 . 1 ) 

( 0 . 2 . 2 ) 

for some such Q. 


{V\mp)* = V\mp, and 
H{i*pi^QM)v ^ 0 
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0.3. Vanishing Theorem for iL-modules. (§§10-15) For V in SS(Al), denote 
the least and greatest degrees for which (0.2.2) can be nonzero by c{V;A4) < 
d{V-M). Set 

c(M) = inf ^{dimDp — dimDpiV)) + c{V;M) , and 
ueSS(Ai) ^ 

d{M) = sup ^{diiaDp + divuDp{V)) + d{V]M) , 

V^SS(M) 

where Dp{V) is the symmetric space associated to the reductive R-subgroup of Tp 
whose roots (with respect to a fundamental Cartan subalgebra) are orthogonal to 
the highest weight of V. (This space depends on a d-stable ordering; we choose one 
for which dim Dp(V) is maximized.) Then we have the 

Theorem 10.4. Let A4 be an L-module on X. Then = 0 for i ^ 

\c{M),d{M)\. 

The proof of the vanishing theorem proceeds by a combinatorial generalization 
of the analytic arguments from [47] together with a spectral sequence argument; 
this reduces the problem to Raghunathan’s vanishing theorem for ordinary L?- 
cohomology, Theorem 14.1. In §11 we recall ordinary L^-cohomology and a version 
in which restriction to boundary faces is well defined. Now we need to represent 
H(X;A4) by a variant of L^-cohomology for our forms (wp) € Sj^(A4). However 
even though each Vp is compact this is not entirely straightforward: the L^-norm on 
LOp with respect to the natural locally symmetric metric on Xp is not appropriate 
because, being a complete metric on a noncompact space, it would impose in¬ 
growth conditions on wp which we do not want. The solution in §12 is to replace X 
by a naturally diffeomorphic compact domain Xt within X (this was constructed 
in [43]), and use the induced metric; we then work on the corresponding Xt instead 
of X. 

0.4. Calculations of Micro-support. (§§16-20) For simplicity, in this introduc¬ 
tion we only give the results for the essential micro-support SSess(A4); this is the 
subset of SS(Al) of V for which (0.2.2) is nonvanishing for all possible Q (in a 
compatible fashion). The essential micro-support determines SS(A4) and may be 
used in calculating c(M) and d{M). 

For weighted cohomology one can explicitly calculate H{i*piQA4) and one finds 
the 

Theorem 16.3. Let E be an irreducible regular G-module and let p be a mid¬ 
dle weight profile. The micro-support is nonempty if and only if {E\oq )* — E\oc; 
if this condition is satisfied then SSess(FV’'C(i?)) = {E} and c{E;W^C{E)) = 
d{E;W^CiE)) = 0 . 

The situation for intersection cohomology is far more delicate. We do not have an 
explicit closed formula for H{ipiQM) (or even for the local cohomology H{ipM)) 
and we are forced to use an inductive argument. However condition (0.2.1) is 
usually not preserved under passage to a larger parabolic Q-subgroup. Nonetheless 
we have the following result: 

Corollary 17.2. Assume the irreducible components of the Q-root system of G are 
of type A„, Bn, Gn, BGn, or G 2 . Let E be an irreducible regular G-module and 
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let p be a middle perversity. If (i<^|ciG)* — E\oa, then SSess(2pC(i?)) = {E} with 
c{E]IpCiE)) = d{E]IpC{E)) = 0. 

Remarks. Unlike the situation for weighted cohomology, the micro-support can be 
nonempty even if (if|oG)* ^ E\og', see Theorem 17.1 for details. 

The hypothesis on the Q-root system ensures that the the corresponding Q-split 
group for each almost Q-simple factor of G has a quasi-minuscule representation 
whose weights are linearly ordered (see the proof of Lemma 19.4). We conjecture 
the results on SS(XpC(if)) continue to hold without this hypothesis. The hypothesis 
is automatically satisfied if D is Hermitian or has a Satake compactification with 
all real boundary components equal-rank. 

Finally the micro-support of iG*E is easy to calculate and is treated in [46]. 
As an application of the vanishing theorem it is proved in [46] that that if D is 
Hermitian or equal-rank and E has regular highest weight, then i7®(X;E) = 0 for 
i < dimcX. This answers a question posed by Tilouine. 

0.5. Satake Compactifications. (§21) We recall the theory of Satake compact- 
ifications. Briefly, given a faithful irreducible finite dimensional representation 
a: G ^ GL(U), Satake [49], [50] constructed a compactification rD* = U/j 
of D, where the strata Dp> h are called the real boundary components and are in¬ 
dexed by their normalizers R. The union of just the so-called rational boundary 
components yields a space U* which, under certain conditions on ct, yields a com¬ 
pactification X* = T\D* oi X = T\D. The strata Fr = are indexed 

by a subset T* C IP. In the case that D is Hermitian symmetric, X* for a certain 
a is the Baily-Borel-Satake compactification. It has a projective algebraic struc¬ 
ture [2] and its strata are indexed by T-conjugacy classes of maximal parabolic 
Q-subgroups. 

Zucker showed [57] that there is a natural quotient map tt: X ^ X*. For each 
stratum Xp oi X there exists a stratum Fpi of X* such that 7r|xp : Xp ^ Fpt is a 
fiat bundle with typical fiber Xpj. In fact, there is a connected normal Q-subgroup 
Lp^i C Lp so that Xp^i is an arithmetic quotient of the symmetric space associated 
with Dp^i, while Fpt is an arithmetic quotient of Lph = Lp/Lp^i. The inverse 
image 7r“^(Fp) of a stratum Fp of X* is the union of those Xp for which pt = P; 
we denote it Xp{Lpj) since it is a partial compactification of Xp in the vertical 
(“Ap,^”) directions. The restriction T^\xrt{Lrt e)' Xr{Lr^i) Fr is again a flat 
bundle with typical fiber Xpy. Let ip^t'- Xpi ^ Xr{Lri) denote the inclusion 
of a typical fiber. In §3.5 we define functors i*Rg and Vp^ on U-modules; these 
commute with their analogues on the derived category. 

0.6. Punctoriality of Micro-support. (§§22-26) We need to understand how 
micro-support is affected when we apply functorial operations such as k* or k' to 
A4. For brevity we only deal with k* in this introduction. A few general results are 
presented in §22. For the case where fc is a closed embedding, however, we only have 
a result for the weak micro-support SSu,(A4): this is defined similarly to SS(Al) but 
omits condition (0.2.1). Briefly if an irreducible Pp-module V S SSu]{k*M), then 
there exists an irreducible Lp-module V G SSu,(Al) such that V is an irreducible 
constituent of H^{np;V) with 

(0.6.1) (^v E p)\^p G ^ttp* , 
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where +ap* is the real convex cone generated by Ap. 

The problem of SSw{k*M) versus SS{k*M) is eliminated if k is the embedding of 
XR{Lii,i) for a Satake compactification in which all rational boundary components 
are equal-rank; see §23. The point is that if Tp = Lp^Lpi is an almost direct 
product with the symmetric space of Lp^h being equal-rank, then — 

V\ j — is automatic. 

' ^P,h 

We hnd that c{k*A4) and d{k*Ai) may be estimated in terms of c{A4) and 
d{M), together with the degrees from above. These are the lengths ^{w) of 
certain Weyl group elements w and (0.6.1) gives information on the geometry of 
the corresponding Weyl chamber. A basic lemma in §24 translates this geometry 
into an estimate on ^{w). In the case that #Ap = 1, the estimate is ^{w) < 
i dim Up — np(I^). See §24.1 for the definition of np{V); in §25 we estimate np(y) 
in more geometric terms—this requires the stronger condition that all real boundary 
components are equal-rank. 

The end result, after restricting to a typical fiber Xp^£ C Xp(Lp^i), is 

Corollary 26.2. Let X* he a Satake compactification of X and assume that all 
the real boundary components Dp^h of the associated Satake compactification rD* 
are equal-rank. Let A4 be an L-module with SSess(A4) = {E} for some irreducible 
regular G-module E and c(E;Xi) = d{E;A4) = 0. Then for every stratum Ep of 

X*, 

d{i*p^^M) < i codimFp — dimap and c{i'p^^M) > ^ codimFp + dimap. 

0.7. The Conjecture of Rapoport and Goresky-MacPherson. (§27) Let 
M. be an A-module. We wish to identify 7r*5j^(A4) as an element of the derived 
category on X*. If x G Fp C A*, then 7r“^(x) = Xp^f,, a fiber of 7r|x„(LB ^). Thus 
the local cohomology at x of is simply and the local coho¬ 
mology supported at x is For M = XpC{E), we consequently see from 

Theorem 10.4, Corollary 17.2, and Corollary 26.2 that 7r*iSj^(A4) satisfies the local 
characterization of intersection cohomology. This proves the conjecture of Rapoport 
and Goresky-MacPherson. By replacing Corollary 17.2 with Theorem 16.3 we ob¬ 
tain the following generalization of the main theorem of [22]: 

Theorem 27.2. Under the assumptions of Theorem 27.1, let rj be a middle weight 
profile and let p be a middle perversity. Then there is a natural quasi-isomorphism 
7r,W’'C(A;E) ^FpC(A*;E). 

0.8. Work to be Done. In [45] the theory of C-modules is generalized to allow 
Ep to be a locally regular Fp-module and hence admit the possibility of non- 
Hausdorff local cohomology; this allowed us to realize F^-cohomology as an L- 
module and calculate its micro-support. There are many other developments and 
applications of the theory of C-modules that would be interesting to pursue. We 
mention for example the following topics: Q-structures on an C-module and its 
cohomology (see §4.10); C-modules on Satake compactifications (for which we use 
the family {Lp^h)pe‘P* and an appropriate link cohomology functor—see §3.10); the 
removal of the hypothesis on the Q-root system in Theorem 17.1; the action of Hecke 
correspondences on C-modules and their cohomology; the “homotopy category” of 
C-modules (see §3.9) and its localization with respect to the null system of C- 
modules with empty micro-support; a “micro-support” spectral sequence for the 
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cohomology of an iL-module; further investigation of the structure of H{T; E) using 
tL-modules and the relation of this approach to that using Eisenstein series as 
initiated by Harder (see in particular the work of Franke [20]). 
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Tilouine, and N. Wallach. Finally I would like to thank the referee for many 
valuable suggestions and corrections, and in particular for suggesting the simplihed 
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0.10. Notation. We now summarize the notation that we will use throughout the 
paper. 

0.10.1. The cardinality of a Hnite set T will be denoted #T. For z in a group 
Z and S' C Z a subset, let ^S = S^ denote the conjugate zSz~^. If Z is a 
topological space, the topological closure of a subset S C Z will be denoted by 
cl(S). The notation id^ indicates the identity map of Z. 

0.10.2. If C is a category we will write if G C to mean E is an object of 6. If C 
is an additive category, let C(C) denote the category of complexes of objects of C 
and let Gr(C) denote full subcategory of complexes with zero differential, that is, 
graded objects of C. The full subcategory of C(C) or Gr(e) consisting of bounded 
complexes will be denoted with a superscript b. 

Let 6 be an additive category. For fc G Z, the shift C[k] of an object C G G(C) 
is defined by C[kY = and dc[k\ = (—l)^dc’. Given a functor E: G ^ C(C'), 
where C and C' are additive categories, we shall often implicitly extend it to a 
functor F : Gr(e) ^ G(C') by setting F{C) = (BiF{C^)[—i]. Under this convention 
we have the equality F{C)[k] = F{C[k]). In a few instances we will further extend 
F to a functor G(C) ^ C(C') by taking the associated total complex. 

0.10.3. For a topological space W, let denote the category of sheaves of 

vector spaces over C on W. We write G(1U) for G(6[)(TU)). Suppose W is equipped 
with a stratification X. We will call a complex of sheaves S constructihle^ if for all 
strata Xp G X, the restriction F[{S)\xp of the local cohomology sheaves is locally 
constant. Let Cx{W) denote the category of complexes of sheaves on W which are 
constructible. Let DxiW) be the associated derived category, obtained by formally 
inverting quasi-isomorphisms in the corresponding homotopy category. We denote 
the usual derived functors on DxiW) without the prefix “R”, for example, U 
instead of Rf*. 


^In the terminology of [10, V, 3.3(ii)] this is A’-cohomologically locally constant, or A’-clc. 
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0.10.4. All references to manifolds, smooth differential forms, fiber bundles, locally 
constant sheaves, etc. should be taken in the sense of F-manifolds [48] (also called 
a or bifolds [54]). 

For Y a manifold with (possibly empty) boundary or corners and E a locally 
constant sheaf on V, let E AiY ; E) denote the de Rham resolution functor 
consisting of sheaves of smooth differential forms on Y with values in E. The 
differential is exterior differentiation, denoted d = dy = dyjs.- Note that if E is 
graded we follow the sign convention of §0.10.2. The complex of global sections 
is denoted A(Y ; E) and the subcomplex of forms with compact support is denoted 
Ae(r;E). 

0.10.5. For any algebraic group defined over R, we denote the Lie algebra of its 
real points by the corresponding Gothic letter, for example, g = LieG(R). The 
complexification is denoted by a subscript C, for example gc- Now let Z be an 
algebraic group defined over Q. The group of characters of Z defined over Q is 
denoted X{Z). The one-dimensional representation space associated to a character 
X is denoted Let = Clxexiz) Kery^ be the intersection of the kernels of the 
squares of characters of Z. The group Z is an almost direct product of Q-subgroups 
H and K if the product morphism H x K Z is surjective with finite kernel. 

0.10.6. For a connected reductive Q-group L, let denote the category of 

regular representations of L. We write C{L) and Gr(L) instead of C(9Jtoc)(L)) 
and Gr(911oc)(L)). If M C L is a reductive Q-subgroup and E G S[)loh(L), let E\m 
denote the regular representation of M obtained from E by restriction. 

Let 3xx{L) denote the isomorphism classes of irreducible regular L-modules. For 
any E G 9Jtoc)(L) we have an isotypical decomposition 

E = ^ Ev 

Ve3tt(L) 

where Ey = HomL(V, A) ® V. For any irreducible representation V G 3xx{L), we 
let denote the character by which Sl acts on V. Since Sl is Q-split, is 
defined over Q. Although may not extend to a character of L, there exists a 
natural number k such that extends to a character of L defined over Q. 

0.10.7. Let Z be an algebraic group and let ct : Z ^ GL(R) be a regular representa¬ 
tion. Recall the contragredient representation a* on V* is defined by {a* {g)'ilj){v) = 
'ip{a{g~^)v). Define the complex vector space V to have vectors v indexed hy v € V, 
with operations v+W = v w and Xv = Xv. If Z is defined over R there is a complex 
conjugate representation W on V defined by a{g)v = a{g)v. 

0.10.8. In this paper G will be a connected reductive algebraic group defined over 
Q, and F C G(Q) will be an arithmetic subgroup. (We briefly depart from this 
convention on G in §§21.2, 21.3.) We let D denote the associated symmetric space 
G{M.)/KAc, where AT is a maximal compact subgroup of G(R) and Aq is the 
connected component of the group of real points of the maximal Q-split torus Sc 
in the center of G. Let X = r\D be the arithmetic quotient. If A is a regular 
representation of G, the induced locally constant sheaf on X will be denoted by the 
corresponding blackboard bold letter, thus E = D Xr E. 

Since we do not assume F to be neat, X (and the various other arithmetic 
quotients that we will consider) need not be manifolds, but rather R-manifolds. 
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Alternatively the reader may assume that T is neat; any arithmetic group contains 
a neat subgroup with finite index. 

0.10.9. Let P be a parabolic Q-subgroup of G, with unipotent radical Np and 
Levi quotient Lp = P/Np. Set Mp = '^Lp. Let Sp denote the maximal Q-split 
torus in the center of Lp and set Ap = S'p(]R)°. Restriction of characters yields 
an injective morphism X{Lp) —> X{Sp) whose image has finite index. In terms of 
real points we have Lp{R) = Mp(M.) x Ap. 

li P C Q are parabolic Q-subgroups, P/Nq is a parabolic Q-subgroup of Lq with 
unipotent radical Np = Np/Nq. One can naturally identify Sq as a subgroup of 
Sp and X{Lq) as a subgroup of X{Lp). Namely consider the diagram 

Lp^^P/Nq^^Lq ; 

since P/Nq is parabolic in Lq, i identifies its center with that of Lq, while j 
identifies it with a subgroup of the center oi Lp. Furthermore 

X{Lp) X{P/Nq) ^ X{Lq) . 

Set S'p = (nxeA:(LQ) Kery n Sp)^. Then Sp is an almost direct product 

Sp = Sq-S‘^ . 

If we write Ap = S'p(R)°, then Ap is an honest direct product 
(0.10.1) Ap = AqxA$. 

O. 10.10. Let P be a parabolic Q-subgroup of G. Let ap be the Lie algebra of 
Ap and let ( , ) denote the natural pairing Up x ap ^ M. We may identify 
Ar(S'p)(8)z]R — cip. Consequently we will view elements of A(S'p) both as characters 
on S'p and as linear functionals on ap. 

The group Lp acts via conjugation on Np (and hence on ripc) via any lift Lp C 

P. Although this action depends on the lift, the characters a G X{Sp) by which 
Sp acts are independent of the lift. We denote these characters by $(np,Sp) or 
<I>(np, ap). As usual we call them “roots” even though in general for P nonminimal 
they are not the positive roots of a root system. They do, however, have the 
property that every such root is a unique nonnegative integral linear combination 
of so-called simple roots; we let Ap denote these simple roots. 

In the case that P = Pq is a minimal parabolic Q-subgroup, Ap^ is a basis of 
the Q-root system q<I> of G. In this case we omit the subscript Pq and simply write 
A, S, a, etc. 

0.10.11. If P C Q are parabolic Q-subgroups, the type ofQ with respect to P is the 
subset Ap of Ap consisting of roots restricting to 1 on Sg. Parabolic Q-subgroups 
Q containing P are in one-to-one correspondence with subsets of Ap via Q ^ Ap. 
Let 

ap = ag 0 ap 

be induced from (0.10.1). By §0.10.9 we have a natural inclusion ag ^ ap. Then 

ag is the subspace of ap annihilated by Ap, whereas ap is the subspace annihilated 

by Ag together with a basis of X{Sa). We also have a dual decomposition 

’t' ^ o* 

dp = CIq 0 dp 
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Given a G ap we write a = ag + for its corresponding decomposition and 
likewise for elements of ap. 

0.10.12. For each G A, let 7 '^ G a be the corresponding coroot. (We shall 
occasionally identify a with a* via a Weyl group invariant inner product ( , ), in 
which case To define coroots where P is an arbitrary parabolic Q- 

subgroup, we proceed as in [1]. Namely for a G Ap, let y G A \ A^ be the unique 
root restricting to a on ap and let = (y^)p be the projection of y^ to ap. 

If P C Q, then ap has a basis of coroots, laeA® 

the dual basis of ap*. On the other hand, Ap is a basis for ap*. For (3 G Ap, 
define /3^ G ap by {a,f3'^) = {(3,a^) for all a G Ap. Then basis 

of ap dual to Ap. 

0.10.13. Let +ap denote the real convex cone spanned by Ap and let ap^ denote 
the real convex cone spanned by Ap. Then a*^ is the dominant cone 

{ ^ G ap I (/X, > 0 for all a G Ap } 

and ap^ C +ap. Similarly define '•'ap* and ap*^. 

0.10.14. Beginning in §21 we will need to consider parabolic K.-subgroups. The 
discussion in §§0.10.9-0.10.13 applies with Q replaced by R. We will add a left 
subscript R to the notation in this case, for example, rSp, rAp, rAp, etc. 

0.10.15. Let P C Q be parabolic Q-subgroups. Let {P,Q) denote the parabolic 
Q-subgroup “complementary” to Q with respect to P with type Ap \ Ap. When 
(P, Q) occurs as a subscript or a superscript, we omit the parentheses, for example, 
Ap*^. Thus we have a disjoint decomposition 

Ap = Ap’^ n A^ . 

Restriction to ag sends Ap to zero and defines a bijection Ap*^ Ag. 

Note that this decomposition of Ap induces a direct sum decomposition 

ap = ag © a^ g , 

however in general apg ap. 

0.10.16. Let 

T = { F-conjugacy classes of parabolic Q-subgroups of G } ; 

notationally we do not distinguish a parabolic Q-subgroup from its F-conjugacy 
class. Define a partial order on CP by 

P < Q P C Q'^ for some y G F. 

(When P < Q we will always feel free to replace Q by a F-conjugate so as to arrange 
P C Q as needed.) For P and Q in CP, let P V Q denote the least upper bound of 
P and Q] let P D Q denote the greatest lower bound when it exists. 

Given P < R, let [P, P] denote the interval {Q G ‘S’ \ P < Q < R}. This is 
a complemented lattice: for every Q G [P, R] there exists Q' G [P, P] such that 
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QnQ' = P and Q\J Q' = R, namely Q' = (P, Q) n R. We represent this situation 
by the diagram 


( 0 . 10 . 2 ) 


Q' 


R 


P 


Q 


0.10.17. Let P be a parabolic Q-subgroup and let () be a Cartan subalgebra of 
Ip. Write [) = bp 0 ap where bp is a Cartan subalgebra of trip. (In §25 we shall 
also need () = Rbp 0 rQp for P a parabolic M-subgroup, where Rbp is a Cartan 
subalgebra of Rinp.) The corresponding roots will be denoted d)([pc,()c) and a 
positive system will be denoted d)+(Ipc, f)c)- (In the case Q = G we shall often 
simply write d> and $^.) 

Via a lift, t) acts on rip via the adjoint action; the corresponding roots are 
independent of the lift and will be denoted $(npc, l)pc)- Likewise via a lift, t) may 
be considered as a Cartan subalgebra of Ig for any parabolic Q-subgroup Q ^ P] 
the decomposition [} = bg 0 ag and the roots d)([gc,l)c) are independent of the 
lift. We can always choose a positive system ^^([gc, ()c) containing d)+((pc,l)c) 
and d>(npc, f)pc)- 

0.10.18. Let p = + pp he one-half the sum of roots in d)+(gCj f)c)) where p^ 

(resp. pp) is one-half the sum of the roots in <I)+(lpc, l)c) (resp. <I)(npc, ()c))- We 
may identify 2pp with the Q-rational character of Pp by which Pp (via any lift 
Pp) acts on /\ rip. Thus pp is supported on ap and p = p^ + pp corresponds 
to the decomposition induced by restriction to the summands in t) — bp 0 ap. 


0.10.19. Let P be a parabolic Q-subgroup and let P be a regular G-module. The 
nilpotent Lie algebra cohomology functor E i-^ H{np;E) from S[)lob(G) to Gr(Pp) 
will play a crucial role in what follows. As a vector space, H{np;E) is defined as 
the cohomology of the complex C{np]E) = Hom(/\ rip, P) equipped with the usual 
differential (see for example [13, I, §1.1]). The coadjoint representation induces an 
action of P on G(np;P) which commutes with the differential, and hence there 
is an action of P on H{np;E). The unipotent radical Np acts trivially [13, I, 
§1.1(5)] so this descends to a representation of Pp. Finally, a morphism of G- 
modules /: P ^ P' induces a morphism of P-modules G(np;P) ^ G(np;P') 
which commutes with the differentials and hence induces an Pp-module morphism 
P(np;P) ^ P(np;P') which we denote P(np;/). 

0.10.20. Let W denote the Weyl group of $. For w G IF let £{w) denote the length 
of re G IF with respect to the reflections in simple roots and set $„, = { 7 G | 
< 0 }. It is well known that £{w) = 

For a parabolic Q-subgroup P let IF^ C IF be the subgroup corresponding to 
the Weyl group of d>(lpc, ()c) and let IFp C IF be the set of minimal length coset 
representatives of IF^\IF.^ We have w G IFp if and only if C d>(npc,()c)- 
There is a factorization 

IF = W^Wp. 


^Our use of subscript versus superscript here is opposite from the usual convention, but this 
way is more compatible with the subscripts and superscripts on A and A. 
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The corresponding groups and coset representatives for the Q-root system will 
be used in §19, and will be denoted there qW, etc. 

0.10.21. Kostant’s Theorem. Let i? be a regular G-module. The complement Wp 
plays an important role in Kostant’s theorem [31], which states that H{np;E) has 
a decomposition as an Lp-module indexed hy Wp\ 

H{np;E) = 0 H{np;E)^ . 

wGWp 

Furthermore, H{np]E)u, is concentrated in degree (.{w) and, if E is irreducible 
with highest weight A, then H{np] E)^, is the irreducible Lp-module having highest 
weight w{\ + p) — p. 

0.10.22. Let P C Q be parabolic Q-subgroups. We have 

W = W^Wq = (IF^LF^)IFq 

and one may check that 

Wp = W^Wq. 

For w € Wp write w = w^wq accordingly. We have the important equality 

l{w) = l{w^) +£{wq) 

and in fact 

(0.10.3) . 

It immediately follows from Kostant’s theorem that 

iL(np;L/)u) = P(t>p; L/)uiq)u)<5 

and consequently [22, (11.8)], [51, 4.10] 

(0.10.4) H{np-E) ^ H{n% H{nQ-, E)) . 


Part 1. L-modules and Micro-support 
1. Geodesic Action and Related Bundles 

Recall that D is the symmetric space G{R)/KAq associated to G and X = V\D 
is an arithmetic quotient. In this section we briefly recall the geodesic retraction 
and nilmanifold hbration associated to a parabolic Q-subgroup P [11, §3], [56, §3], 
[22, §§3, 4, 7]. This section also serves to establish our notation for the various 
spaces and bundles that will enter into the construction of the reductive Borel- 
Serre compactification in §2. One novelty of our presentation is that we introduce 
a “geodesic action” for the entire Levi quotient Lp{R) as opposed to merely Ap; 
this is convenient for describing the flat connection on the nilmanifold Hbration. 
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1.1. Geodesic action. Given any basepoint x G D, let Lp^x denote the unique 
lift of Lp to P which is stable under the Cartan involution associated to x. Since 
P(K.) acts transitively on D, we may express y € D a,s px ior p € P(R); since 
P = Np XI Lp x we may write p = ur with u G A^p(R) and r G Lp^x(JR)- Define the 
geodesic action of Lp(IR) on D by 

(1.1.1) zoy = uZxrx, 

where £ Lp^x{^) denotes the lift of z. Note that at the basepoint x the geodesic 
action of an element of Lp agrees with the ordinary action of its lift in Lp x- Clearly 
the restriction of this action to dp agrees with the geodesic action as defined in 

[ 11 ]. 

Lemma. The geodesic action {z,y) ^ zoy o/Pp(R) on D is well-defined {that 
is, z oy is independent of the choice of p and x above). It satisfies 

(1.1.2) q{z o y) ='^z o qy {q G P{R)), 

where z ^'^z denotes the action o/P(K) by conjugation on LpfR). 

Proof. Consider first the choice of p. If y = p'x for p' G P(R.), then p' = pk for 
some k G Kx H P C Lp^x and hence p' = ur' with r' = rk. Thus uZxr'x = uzxrx 
and so the right hand side of ( 1 - 1 . 1 ) depends only on x, y, and z. 

Now consider another basepoint x'. Write x' = qx = vlx with v G Np(R) 
and I G LpxfR). Then Lpx' = vLpxV~^. We may express y = p'x' where 
p' = pq~^ = url~^v~^ = {uv~^){vrl~^v~^) = u'r'. Thus we compute u'zx’r'x' = 
{uv~^){vZxV~^){vrl~^v~^)qx = uZxXX, which shows that ( 1 - 1 . 1 ) is independent of 

X. 

To prove (1.1.2), calculate q{zoy) = quZxrx = 'hp{zx)‘h-qx. However %Zx) is the 
lift of % to Lp^x', where x' = qx. Thus q{z oy) = ‘>u{'^z)x'‘'rx' = % o (%®rx') = 
% o qy. □ 

Corollary. The geodesic action of Lp{R) and the usual action of Np{R) commute. 
The geodesic action of Ap C LpfR) commutes with the usual action of P{R). 

Proof. By the lemma we need to show that '^z = z for q G A^p(R.) and z S Lp{M.) 
(and likewise for q G PfR.) and z G dp). Write z = ZxNp{R) for some basepoint 
X. Then % = qZxq~^Np{R) = Zxq^^q~^Np{R), so we need to show that q^^q~^ G 
Np{R). This follows in the first case since q G A^p(R.) and A^p(IR) is normal. In 
the second case, write q = vl with v G A^p(R) and I G Lp^xi^)- Then q^^q~^ = 
yz^iz^i-iy-^ _ yZa,y-i^ smce Zj, G Ap^x is in the center of Pp(IR). Now proceed as 
in the first case. □ 

1.2. Comparison of geodesic actions. Consider now two parabolic Q-subgroups 
P C Q; as in §0.10.9 the split component dg may be viewed as a subgroup of dp. 
Thus it has a geodesic action viewed as a subgroup of either Lq{R) or Pp(R); these 
two geodesic actions agree [11, 3.10]. 

For the extended geodesic action we have the 

Lemma. The geodesic action of Np{R) = Np{R)/Nq{R) C Lq{R) commutes with 
the geodesic action of Lp{R). 

Proof. Write y G D as y = urx, where u G Np{R), r G Pp,a;(R). Since Np C Q = 
Nq x: Lq^x we can decompose Np = Nq xi where C Lq^x is the lift of 
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Np. Thus we can write u = vw, where v G Nq(R) and w G iVp^(R). The geodesic 

action of n G A^p(IR) is now n o y = vuxwrx, which clearly commutes with the 
geodesic action of z G Tp(]R), zoy = uZxTX = vwZxTX. □ 

1.3. Geodesic retraction. By Corollary 1.1 the geodesic action of Ap and the 
ordinary action of °P(]R) commute. The consequent action of Ap X °P(R) on D is 
transitive and the stabilizer of any point x is {Aq} x °P(R) nifa;, where Kx C G(K) 
is the maximal compact subgroup fixing x. Set^ Ap = °P(]R)\U and ep = Ap\D. 
The preceding implies there is an isomorphism 

(1.3.1) D'^A$xep 

of (Ap X °P(R))-homogeneous spaces. The quotient map 

D —> ep = Ap\D 

obtained by collapsing the orbits of the geodesic action of Ap is a trivial principal 
Ap-bundle with canonical trivializing sections given by the orbits of °P(]R). Note 
that after choosing a basepoint x G D and hence x G Ap, there is an isomorphism 
of Ap-homogeneous spaces Ap Ap given by a ao X. Thus Ap is an affine 
version of Ap. 

The action ofrp = rnPonIl = Ap x ep operates only on the second factor, 
so the principal Ap-bundle structure persists after taking the quotient: 

rp : Tp\D —> Yp = rp\ep. 

The map rp is called geodesic retraction. Since Tp C °P(]R), the quotients by Tp 
of the orbits of °P(R) still yield canonical trivializing sections of rp. 

If P C Q this map descends to yield a canonically trivial Ap-bundle (also called 
geodesic retraction) 

rp : rp\eQ —> Yp. 

1.4. Nilmanifold fibrations. The geodesic action of °Lp(K) descends to ep and 
by Corollary 1.1 this action commutes with the A^p(R)-action. The resulting action 
of fVp(R) X °Lp{R) on ep is transitive and the stabilizer of any point is contained 
in {1} X °Lp(R). Set Np(]R) = °Lp(R)\ep and Dp = Np(R)\ep; the space Np(R) 
is an affine version of Np{M.) and Dp is the generalized symmetric space associated 
to Tp. Then there is an isomorphism 

ep = Np(M) y. Dp 

of {Np{R) X °Lp(R))-homogeneous spaces. The principal A^p(R)-bundle 

fj,: ep —> Dp 

obtained by collapsing the orbits of the action of Np{M.) has canonical trivializing 
sections given by the orbits of the geodesic action of °Lp(M). Given a basepoint 
X G D and hence x G Np(]R), there is an isomorphism Ux- fVp(M) Ab Np(M) of 
A''p(]R)-homogeneous spaces defined by nx{u) = ux. 

The action of °P(]R) on ep descends to actions on both Np(]R) and Dp, and the 
isomorphism ep = }\fp(]R) x Dp is an isomorphism of °P(R)-homogeneous spaces. 
Set 3\fp(]R)' = rArp\Np(M) and note that the action of Tp on 3\fp(R) descends to an 
action of Tpp = Tp/Fatp on Np(IR)'. The previous decomposition descends to an 


^In [11] ep is denoted e{P). 



16 


LESLIE SAFER 


isomorphism rArp\ep = iN'p(]R)' x Dp of Fpp-homogeneous spaces and thus there 
is a canonically trivial }\fp(]R)'-bundle 

■ ^Np\ep Dp . 

Set'* Np{Ry = TffpXNpCR.). Given a basepoint x € D, the isomorphism Ux de¬ 
scends to n'x : Np{Ry ^ ?\fp(]R)'. 

Finally take the quotient by Tpp of we obtain a flat bundle (with fibers 
noncanonically diffeomorphic to iN'p(]R)') 

p:Yp^Xp = rLp\Dp. 

This is simply the flat bundle Dp Xppp ?^fp(K)' ^ Xp associated to the Fpp-space 
iN'p(]R)'. It is called the nilmanifold fibration. 

1.5. For later use, we calculate [22, (7.8)] the action of Fpp on Np{Ry that is 
needed in order to make n(,: Np{Ry ^ J\fp(]R)' an isomorphism of Fpp-spaces. 
Let yF^fp G Fpp and let T^pU G Np(Ry; write j = vl where v G Np(R) and 
I G Lpx{R)- Then 

yF Np ■ n'xiTNpu) = F NpJ-u.x = F NpV.l.u.x = Tisipy^u-x = nxiJ'Npv}u) . 

Thus the induced action of y on Np{Ry is TpipU i-^- F NpvM = Tpip^u.v. 

2. The Reductive Borel-Serre Compactification 

Let X = r\D be a locally symmetric space. We describe the Borel-Serre com¬ 
pactification X [11] and its quotient introduced by Zucker [56], the reductive Borel- 
Serre compactification X [22, §8]. 

2.1. The Borel-Serre compactification. Let P be a parabolic Q-subgroup of 
G. There is an isomorphism Ap ^ defined by a i-^- (a“)agAp and thus 

Ay, may be embedded into a semigroup A^, AU (]R>o u 

The orbits of the action of Alp on Alp yield a stratification indexed by the par¬ 
abolic Q-subgroups Q A P. Namely, let oq G A^ be defined by q;(oq) = oo for 
a G and a(oQ) = 1 for a G Ap. Then we have the stratification 

(2.1.1) Ay = Ay ■ OQ. 

QDP 

Recall that the quotient map D ^ ephy the geodesic action of Ay is a principal 
Ap-bundle. Let D{P) = D Xj^c Ay be the associated Tp-bundle. The orbits of 
Ay X °P(]R) yield a stratification 

DiP) = II eg . 

QDP 

It P C Q there is a natural identification D{Q) C D{P) as an open union of strata. 

Given the above identifications, set D = IJpZl(P). This is a manifold-with- 
corners whose stratification by faces is 

D = ]\ep 

P 

Hn [22] the group 7Vp(M) is denoted and the nilmanifold 7Vp(M)^ is denoted Np. What 
we denote here as Np(R) and Xp(R)' are not explicitly mentioned. 
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The construction of D may be generalized to apply to ep (being a space of type 
S' — Q [11, 2.3, 3.9]) and the resulting ep may be identified with the closure cl(ep) 
of ep in D. 

The action of G(Q) extends to D and the quotient X = V\D is compact. This is 
the Borel-Serre compactification of X. On each stratum ep the equivalence relation 
induced by T is that of Tp = T n P, and two strata ep and e p> become identified 
in the quotient if and only if P' = TP for some 7 G F. Thus the strata of X are 
indexed by the T-conjugacy classes IP of parabolic Q-subgroups and we have 

X=l[Yp, 

PeT 

where recall Yp = Fp\ep. The bijection P ^Yp from IP to the strata of X is an 
isomorphism of partially ordered sets, where Yp < Yq if and only if Yp C c1(Yq). 
Note that c1(Yq) may be identified with the Borel-Serre compactification Yq of Yq. 

2.2. Local structure of X. Set .Ap = Ap x^g Ap. The factorization (1.3.1) 
extends to D{P) = Ap x ep. It follows from reduction theory that near a point 
of the stratum ep of P, the equivalence relation induced by F is that of Fp. Thus 
X is locally homeomorphic along Yp to Ap x Yp (where we embed Yp C Ap x Yp 
as {op} X Yp). Consequently if F is torsion-free then X is a smooth manifold- 
with-corners. In general, since any arithmetic group has a torsion-free subgroup of 
finite index there may be finite quotient singularities and X is a “Y-manifold-with- 
corners”. 

The description of a neighborhood of the entire closed stratum Yp is much more 
subtle; see [43, §8]. 

2.3. Reductive Borel-Serre compactification. Let X be the stratified set 

X=l[Xp 

PeT 

and define a stratified map p: X ^ X hy setting p\yp to be the flat nilmanifold 
fibration Yp ^ Xp with fiber N'p(]R)'. We give X the quotient topology induced 
by p; this is the reductive Borel-Serre compactification of X. (Note that X = 
Xg = Yq.) Again P Ap is an isomorphism of IP with the partially ordered 
set of strata of X. The closure c1(Aq) is identified with the reductive Borel-Serre 
compactihcation Aq of Aq. 

We denote the inclusion map of a stratum Xp hy ip: Xp ^ X and the inclusion 
of its closure by ip : Ap ^ A. Let Up — Up>p Ap be the open star neighborhood 
of a stratum Ap; we denote the inclusion of the deleted star neighborhood by 
jp: Up\Xp ^ A and the inclusion of the complement of Ap by jp: X\Xp ^ X. 

2.4. Local structure of A. Note that the identification Ap = Ap from §1.3 
(which depends on the choice of a basepoint) extends to an identification Ap = Ap. 
The stratification (2.1.1) of Ap thus induces one of Ap and this stratification is 
independent of the basepoint. 

Set Zp = (Ap X Np(]R)')/~, where (a, FArpm) ~ (a, FArpn2) if and only if 
712 = wni for u G Nq (K) and a belongs to the Q-stratum. The action of Fpp on 
N'p(]R)' induces an action on Zp. Then A is locally homeomorphic along Xp to 
the bundle Dp Xppp Zp. 
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Note that if F is neat then the strata Xp are smooth, however in general they 
are only V^-manifolds. Also a description of a neighborhood of the entire closed 
stratum Xp may easily be deduced from [43, §8]. 

3. il-MODULES 

3.1. Notation. Let W C X he a, union of strata, that is, W = Up6a=(iv) 

some subset IP(VF) C ?. We say W is an admissible space if it is locally closed, or 
equivalently if P, Q G IP(VF) imply that [P, Q] C ^iW). We will reuse the notations 
*P) *P) jp, and jp from §2.3 in order to denote the analogous inclusions into W. 

3.2. Let W be an admissible space. Let Lw denote the system consisting of 

{ the reductive algebraic groups Lp for all P G IP (IF), and 

the functors H{n^; •): 3Jlot)(PQ) —> Gr(Pp) for all P < Q G IP(IF). 

Note that the functors are degree nondecreasing and there are natural 

isomorphisms (in view of (0.10.4)) 

(3.2.1) ^ H{n%H{n^;-)) for all P < Q < P. 

3.3. The category of L-modules. Let L = Lw for a fixed admissible space IF. 
An L-module M = {E.,f..) consists of 

Jan object Ep of Gr(Lp) for all P G IP(IF), and 

[degree 1 morphisms Jpq : H{n^; Eq) Ep for all P < Q G ^(IF) 

satisfying the condition that 

(3.3.1) ^ fpQoH{n%fQR)=0 for all P < P G 5>(TF). 

Qe[P,R] 

(Equation (3.2.1) shows this formula makes sense.) 

Note that (3.3.1) implies in particular that {Ep,fpp) is a complex which we 
denote ipM. (See §3.4 below for a general definition of k'.) 

An E-morphism M. —> M.' is a family (j) = (^..), where 

(j)PQ : H{n%EQ) ^ E'p for all P < Q G ?{W), 

such that the following condition is satished: 

(3.3.2) 

(t)pQ o H{n%fQR) = Y fpQ°H{n%(j)QR) for all P < P G ?(1F). 
Qe[P,P] Qe[P.P] 

The composition of two L-morphisms (j>: Ai ^ M.' and (j)': M.' M" is defined 
by 

(3.3.3) {(j)'o 4 ’)pr = E <l>'pQ o P(n^; ((.Qp) for all P < P G ?(TF). 

Qe[P,R] 

The category of E-modules 91loi)(L) has for objects the L-modules and for mor¬ 
phisms the L-morphisms. The full subcategory S[lloD^(L) consists of L-modules A4 
for which all Ep lie in Gr^(Pp). Note that if IF = Xp consists of a single stra¬ 
tum, then Wlod(Exp) = C(Lp), however in general 91lo5(iL) is not the category of 
complexes C(C) for some category C. 
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3.4. Standard functors on iL-modules. Given an inclusion k: Z ^ W of ad¬ 
missible spaces one can define functors fc*, /c*, k, and k\ between the respective 
categories of fl-modules that are motivated by the usual functors on the derived 
category of sheaves. 

The functor k' associates to an Lvu-module At an Lz-module with the same 
data but with P and Q restricted to belong to ‘S’{Z). Condition (3.3.1) continues 
to hold since Z is locally closed. One special case is i'pM = {Ep,fpp), the local 
cohomology complex at P with supports. The functor k^, associates to an iL^-module 
At an HvR-module with the same data but extended by Ep = 0 and fpQ = 0 if one 
of the subscripts is outside of 1P(Z). 

We only define k* in the cases we need, namely when Z is open in W (in which 
case k* = k has been defined above) and when Z has a unique maximal face. 
Suppose Xt is a maximal face of Z] that is, T S '^{Z) and Z C Xp- For At = 
{E.,f..) an iLvu-module, define k*M = (iJ(,/.() by 

' Ep= 0 H{n^;ER), 

Re[p,{p,T)] 

' fpQ= E 

RnT=p 

SnT=Q 

R<S 

for all P < (5 with P, Q € ‘^(Z). (Recall that {P,T) denotes the parabolic Q- 
subgroup opposite to T relative to P.) The reader can verify this is an Hz-module. 
As a special case, the local cohomology complex at P is 

i*pM=(^H{n^;ER), ^ iJ(n«;/fls)). 

^P<R Re[P,S] ' 

It should always be understood in these and similar formulas that i? and S are 
restricted to belong to IP(IF). 

We only define h in the case we need, namely when Z is closed in W, in which 
case k\ = fc* has been defined above. 

Proposition. Assume in the following that j and k are inclusions of admissible 
spaces and that the indicated functors have been defined above. 

(i) There are identities: 

j- ok' = {ko j)' , fc* o A = (fc o j)^ , 

j* o k* = {k o j)* , k o j! = (fc o j)\ . 

(ii) There are adjoint relations: 

^ Hom5rrtoo(£j^)(At, AAt') = HomOToD(C2)(fc*At, At'), 

HomOT<,D(x:w)(-^>fc'-^') - HomOT(,j,(x:^)(fciAt, At'). 


(iii) Consider the commutative diagram of inclusions of admissible spaces, 
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where Z = Zif] Z 2 . Then 

(3.4.2) fci o = Ji* o ^2 ■ 

Now assume that Z\ has a unique maximal face Xt, that Z has a unique 
maximal face Xto , and furthermore that Zi and Z 2 intersect “transversely” 
in the sense that 

(3.4.3) ur\Z2 = unwnX(^To,T), 

where U = Upey(z) Uq>p^Q Ihe star neighborhood of Z. Then 
j[ o fc* = fc* ojl- 


Proof. Parts (i) and (ii) and the first part of (iii) are left to the reader. For the 
rest of (iii), note that E'p = 0QFf(np;i?Q) for both and where 

in the first case the sum is over Q G [P, {P, T)] D ‘?{W), while in the second case 
the sum is over Q G [P, (P, Tq)] n ^(^ 2 ). The sums are equal by (3.4.3) since 
(P,T) = (P,Po)n(Po,T). □ 

Elsewhere we will define k* and k\ more generally and prove an analogue of the 
proposition in a suitable homotopy category of £--modules (see §3.9). 

3.5. Pullback of an iLvv-module to a fiber. There is one other functor we will 
need to consider beginning in §22. Suppose G has a connected normal Q-subgroup 
which we denote Gi. Let Gt be a complementary connected normal Q-subgroup 
so that G = GhG I is an almost direct product. Set Gh = G/Ge = Ghl{Gi n Gh) 
and let Tgj, = T fi Gi and Tg^ = P/Pcf be the induced arithmetic subgroups. 
Parabolic Q-subgroups of G correspond to pairs of a parabolic Q-subgroup of Gi 
and a parabolic Q-subgroup of Gh'- given P C G we associate Pi = P DGi and 
Ph = P/Pi and conversely given Pi and Ph we associate P = PhPi (where C G/, 
is a lift of Ph). 

The geometric picture is as follows. There is a factorization of symmetric spaces 
D = Dh X Di and a flat bundle of arithmetic quotients X Xh with fibers Xi. 
(The action of Pg^ is induced from the action of the finite quotient P /TiiT n Gh)i 
so this bundle becomes trivial over a finite cover of Xh ) Let X{Gi) C X be the 
partial compactification of X obtained by replacing the fibers by Xi. Specifically, 
note that the map P ^ Ph induces a surjection T{X) T{Xh). Then set X{Gi) 
to be the union of strata Xp for all P G T{X) satisfying Ph = Gh. The above 
fibration extends to a fibration 

XiGi)^Xh 

with fibers Xi. Let la.i- Xi ^ X{Gi) be the inclusion of a generic fiber. 

The map Pi ^ P = GhPi induces a surjection '?{Xi) y{X{Gi)). (ft may not 

be injective if the finite group r/r^(r n Gh) is not trivial.) Define the connected 
normal Q-subgroup Lp^i = Pi/Np C Lp. Let M = {E.,f..) be an ilx(Gf)-module. 
Define an -module Iq = (E), /.'.) by 

r E'p^ =Resi;^ Ep, 

I fp^Qt = fPQ^ 
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for all Pi < Qi & ‘S’{Xi). (Here Res^^^ denotes the restriction of a representation 
of Lp to a representation of Lpi.) This makes sense since there is a natural 
isomorphism 

Res^U H{n%EQ) - H{n$‘;Restl^ ' 

Similarly define Vq except that in this case E'p^ = Res^^^ Ep[— dimD/i], 

More generally for i? € IP we may define i*p ^ and i'p ^ when we are given 
a connected normal Q-subgroup Lp^i of Lp. In this case we have a fibration 
Xr{Lp^i) Xp^h with hber Xp^i and a surjection ‘S’{Xp^i) ‘?{Xp{Lp^i)) 

given hy Pi ^ P where P/Np = Lp^hPi- We note the following identities for 
Pi G nXR,i): 


(3.5.1) 


° ^R,t = ^Pi ° ^p,e ° *p ) 
*Pf ° ^R,l = *p^ ° ^P,l ° *P ’ 


*Pf ° ^'r, 1 — Ppe ° ^'p,e ° *P ) 
*Pf ° ^'r,1 = Ppi ° *P.£ ° *P ■ 


(The initial i*p^ on the right-hand side of these equalities would not be needed if 
r/rf(r n G/i) were trivial.) 


3.6. Local cohomology with supports. Let XI be an Lw-module, where W is 
an admissible space. It is easy to verify that there is a short exact sequence 

(3.6.1) i*qM ^ i*q 3 q*JqM ^ 0 

relating the two types of local cohomology complexes at Q. There is also a short 
exact sequence 

(3.6.2) 0 ^ i-QM ^ PqM ^ PqJq.TqM ^ 0 . 

More generally, for P < Q S IP(IT) define the local cohomology complex of Xi at 
P supported on Q to be 

*Uq-M=( 0 H{n^-Ep), Y. Hin^-Jps)); 

^fle[P,Q] P<Se[P.Q] ^ 


this will play an essential role in the dehnition of micro-support of A4 later in §7. 
If Q < Q' there is a short exact sequence comparing PpiqXi and ipiqiXl, namely 

(3.6.3) 0 ^ Ppi'qXi ^ Ppiq'M ^ i*pjQ*rqrq,Xl ^ 0 ; 

this follows from (3.6.2) by replacing A4 with iqiXl and applying i*p. The corre¬ 
sponding long exact sequence is 

(3.6.4) -> H^iUqXI) H\i*p^q,Xl) H^ipVjq.TQrQ'M) ^ . 

We wish to study H(i*pjq^jqVq,Xi). Set P' = {P, Q) n Q' so that P = P' CiQ 
and Q' = P' y Q: 


(3.6.5) 



Q 


When #Ap = 1 the last term of (3.6.3) is equal to 


i*pip>X*p^rq>M = Hin’p'-,i*p,rq,Xl) ; 
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since the functor H{np; •) is exact it commutes with taking cohomology and so 
(3.6.6) = H{n^'; H{i*p,rQ,M)) . 

In general we have the 

3.7. Lemma. Given P < Q < Q', set P' = {P,Q) n Q'. There are two spectral 
sequences abutting to H{i*pjQ^:j*QVQ,Ai). The first {the Fary spectral sequence) has 

(3.7.1) EfP’-= 0 Hinl,-,HizpQM))[-p] , 

p<P<p' 

#a|=p 

where Q = P W Q. The second {the Mayer-Vietoris spectral sequence) has 

(3.7.2) EP’ = 0 H{np,H{ip\^,M)) . 

p<p<p' 

#A^=p+l 


Proof. Any R G [P, Q'] belongs to [P, Q] for a unique P G [P, P'] (namely P = 
R n P'). The situation is represented by the following diagram, in which each 
parallelogram has the analogous meaning to (0.10.2): 


(3.7.3) 


Q' 



(Of course this figure is not meant to suggest that the parabolic Q-subgroups lying 
between P and P' are linearly ordered.) 

For the hrst spectral sequence, decompose i*pjQ*J*Q^'Q’^ (e^s an Lp-module, not 
as a complex) as 

(3.7.4) 0 ^*p^^Jt^hM= 0 ff{np,ip’QM). 

p<p<p' p<p<p' 


The corresponding sum in which P is restricted to those with ffAp < p is a 
subcomplex and defines an increasing Hltration on ipjQ*jQi'QiM. as p varies. The 
associated graded complex is exactly equal to (3.7.4). In view of (3.6.6), the Ei 
term of the resulting spectral sequence has the desired form, (3.7.1). 

For the Mayer-Vietoris spectral sequence, consider the long exact sequence 

0 ^'i*pjQ*J*QrQ>M-> 0 PpipJpVQ^M 0 PpipjPg^M^ ■■■ 

#A|=1 #Af=2 

in which P satisfies P < P < P' . Thus H{i*pjQ^jQVQ,M) is the cohomology of a 
double complex; the spectral sequence (3.7.2) corresponds to the “first filtration” 
#Af>p + l. □ 
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3.8. The mapping cone of an iL-morphism (f>: M. ^ A4' is defined by 

This is an il-module; condition (3.3.1) follows from the corresponding condition 
for A4 and A4' and from (3.3.2). The mapping cone defines a functor from the 
category of diagrams (j): M ^ M' to 91loh(iL). Define the shift of an iL-module 
by M-[V\ = (£1.[1],—/..). There are natural IL-morphisms cx.{4>) \ M' and 

P{(j)): M{(j)) ^ -^[1] given by 

a{4>)pp = ^ for all P, 

P{4>)pp = (idupfi] O) for all P. 

(Set a{(j))pQ = 0 for P < Q and similarly for j3{(j)).) 

3.9. One may define a notion of homotopy for IL-morphisms and set K(il) to be 
the category with H-modules as objects and homotopy classes of tl-morphisms as 
morphisms. With the definition of mapping cone above, K(£)) may be given the 
structure of a triangulated category [27, §§1.4, 1.5]. A quasi-isomorphism of H- 
modules is an IL-morphism that induces quasi-isomorphisms on local cohomology 
complexes. Since TtoDiLp) is a semisimple abelian category for all P one can 
show that any quasi-isomorphism of iL-modules has a homotopy inverse. Thus it 
is reasonable to notate K(il.) also as 0(11). We will discuss this in more detail 
elsewhere. 

3.10. Generalizations. The concept of H-modules may be greatly generalized. 
For example, in §3.2 one could start with a general family of reductive Q-groups 
{L„)„ indexed by a partially ordered set and replace H{n^] •) by some “link coho¬ 
mology” functors Mar - Tlo()(Lr) —> Gr(Lcr) satisfying At)) = At” o Mf. One 
particularly simple situation will be introduced in §12.10 in which all the groups L„ 
will be identical. One could also drop the condition that the groups are reductive 
algebraic and replace iXftoli{La) by a suitable category of representations. We will 
not consider such generalizations further here. 

4. Realization of IL-modules 

For an admissible space W let X denote the stratification W = lJpgj;(w) 
Recall that Cx{W) denotes the category of constructible complexes of sheaves 
on W and that T)x{W) denotes the corresponding derived category. Note that a 
regular Pp-module Ep induces by restriction a Fpp-module and hence a locally 
constant sheaf Ep = Ep Xpp Dp on Xp. Thus we obtain a functor 91loh(Lp) ^ 
Tix{Xp). In this section we generalize this to H-modules in order to obtain functors 
iSrv: 91loh(lLvu)— *Dx{W). 

4.1. Theorem. 

(i) There exists a family of functors 

Ap : mod{Lp) Cx{Xp) for all P € ? 
and natural morphisms for all P < Q G T, 

(4.1.1) kpQ-. igtAgiEq)—> ip^:Ap{P[{n^; Eq)) for all Eq GVTlot){LQ). 
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Each Ap is an incarnation of the functor Ep ip*Ep, R(Lp) DxiXp), and 
i*p{kpQ) becomes a natural isomorphism in T>xiXp)- 

(ii) A family of functors as in (i) determines functors 

Aw- 97toc)(iLvE) ^ Cx{W) for all admissible spaces W, and 

corresponding functors Sw into 1l)x(W). Ifk: Z ^ W is an inclusion of admissible 
spaces, then A:* oSz = Sw ° A:* and similarly for the other functors defined in §§3.4 
and 3.5. 

(iii) If two families of functors as in (i) are naturally quasi-isomorphic compatibly 
with (4.1.1), then the corresponding functors Sw are naturally isomorphic. 

Remark. A functor iSvE as in the theorem with be called a realization of the category 
of il-vE-modules. Given a realization functor and an i5w-module A4, the cohomol¬ 
ogy H{W]M) of M is defined to be the hypercohomology H{W; Sw(Ai)). More 
generally the cohomology H{Y;A4) of any subset Y C-W with coefficients in Ai 
is defined to be the hypercohomology of Sw{M.)\y- In this paper we will use the 
incarnation AwiAi) constructed below using special differential forms. This is a 
complex of fine sheaves so H{X;A4) may be computed from the complex of global 
sections of A^{M.). 

4.2. Proof of Theorem 4.1(ii)(iii). We assume that a family of functors {Ap} pgy 
exists as in (i). Let M = {E.,f..) be an Lvv-module. Define 

Aw{A4) = ipt,Ap{Ep), 

p^y(w) 

dAw(M) = E dp + ^ Apifpq) o kpQ , 

PGy(w) p<Qey(w) 

where dp is the differential of Ap{Ep). (Note that in applying Ap to Ep we are 
using the sign convention of §0.10.2.) This is a complex of sheaves. For (f = {(f..) 
an ILvE-morphism define 

Awi4>) = E ° kpQ ■ 

P<Q 

This is the desired functor for (ii); we let iSvv be the corresponding functor into 
'Dx{W). It is easy to verify that iSvv commutes with the usual functors defined in 
§§3.4 and 5.3 and that (iii) holds. 

4.3. Special differential forms. We now prepare for the proof of Theorem 4.1(i) 
which will be at the end of this section. 

Let A be a regular representation of G and let E denote the corresponding locally 
constant sheaf on X, or on any stratum of X. For any stratum Yp of X, consider 
the diagram 

X = r\D eS- Tp\D(P) ^ Yp, 

where g: Tp\D{P) ^ rp\Il ^ F\Z1 is the inclusion followed by the quotient 
and rp is the geodesic retraction. Reduction theory implies that if y G Yp there 
exists a sufficiently small neighborhood U C X oi y such that g: q~^{U) U is 
a diffeomorphism. An E-valued differential form w on A is locally lifted from the 
boundary [6, §8] if for all strata Yp and all y G Yp, there exists U as above so 
that q*{ui\u) = rp^f where is a. smooth form on [/ H Yp. A form on a stratum 
Yp = rp\ep is called NpfM.)-invariant if its lift to ep is invariant under the action 
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of Np{M.); let ^inv(yp;lE) denote the sheaf of A^p(IR.)-invariant E-valued forms on 
Yp and let Ainv(dp;E) denote the global sections. 

Let E) C E) denote the subcomplex of forms which are locally lifted 

from the boundary and whose restriction to each stratum Yp is in -4inv(Lp; E). The 
sheaf complex of special differential forms on X is [22, (13.2)] 

^sp(^;E) = p*^sp(-’f;E) , 

the pushforward under the quotient map p: X ^ X. Let Asp(X; E) and Asp(X; E) 
denote the corresponding complexes of global sections. 

4.4. Restriction to boundary strata. Recall from §1.4 that the nilmanifold 
fibration p: Yp ^ Xp is the flat bundle associated to the Lpp-space lN'p(]R)', and 
that given a basepoint x € D there is an isomorphism n(,: A^p(IR)' ^ 3Nrp(R)'. The 
rpp-action on l^p(IR)' induces the structure of an Tpp-module on 2 linv(l^p(R)'; E), 
the iVp(R)-invariant forms; let Ainv(l^p(R)^; E) denote® the associated complex 
of locally constant sheaves on Xp. The fiber Ainv(l^p(R)^; E)^; is the complex of 
iVp(]R)-invariant forms on p~^(x). 

A special differential form w on A determines an iVp (R)-invariant form on Yp 
which we denote wjyp; this form can be viewed as a differential form on Xp with 
values in Ainv(Arp(R)^; E) which we denote oj\xp- In fact there is a natural isomor¬ 
phism of complexes [22, 12.6, 13.4(2)] 

(4.4.1) t*pAspiX; E) ^ A(Xp; Ainv(?^p(R)'; E)), 

where the complex on the right is the associated total complex. This operation 
extends to an isomorphism 

fMsp(^;E) ^ A.p(Xp;Ai„v(Wp(M)';E)) 

and hence there is a natural morphism, denoted uj ^ uj\ 

(4.4.2) Asp(X;E) —> £pH.Asp(Xp; Ainv(l^p(R)';E)) . 

4.5. A theorem of Nomizu [36] and van Est [55] implies that the natural inclusion 
of complexes of differential forms induces an isomorphism 

H{AinffXp{Ry;E)) ^ iL(Xp(R)';E); 

from this, the Poincare lemma, and (4.4.1) one sees that 

Lemma. ([22, §13]) There is a natural isomorphism Asp(X;E) ^ ig*E in D;f (X) 
for E€ 9Jtoc)(G). 

4.6. Recall that G(np; E) denotes the complex Hom(/\ tip; E) with differential as 
in [13, I, §1.1]. Its cohomology H{np]E) is a graded ip-module; let IHI(np;i) 
denote the corresponding graded locally constant sheaf on Xp. 

4.7. Lemma, (compare [22, §12]) There is a natural quasi-isomorphism on Xp: 

hp: Ainv(Arp(R)^ E) —>IHI(np;i/). 


®In [22] this complex is denoted C'(Wp;E). 
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Proof. Choose a basepoint x & D and let Lp^x C P denote the lift of Lp stable 
under the Cartan involution associated to x. Lp acts on C{np-,E) through the 
coadjoint action of we denote by C{np\E)x the resulting complex of Lp- 

modules and by <C{np\E)x the corresponding complex of locally constant sheaves. 

The quasi-isomorphism hp is given by a composition of quasi-isomorphisms 

(4.7.1) Ainv(Wp(K)';IE) ^C(np;i;), ^H(np;£;) . 

The first map is induced by an isomorphism [22, (12.13)] of the underlying Tpp- 
modules. Namely, transfer a form from N'p(]R)' to A^p(K.)' via the isomorphism 
n'x- and evaluate the form at the identity; one may use §1.5 to verify this respects 
the Tpp-action. For the second map of (4.7.1), note that if E were irreducible, a 
theorem of Kostant [31] says that each irreducible component of H{np;E) occurs 
in both i7(np; E) and C{np-,E)x with multiplicity one. Thus for general regular E 
there is a unique map C{np;E)x H{np;E) in C(Lp) inducing the identity on 
cohomology. This induces the second map in (4.7.1). 

If x' is an another basepoint then Lp^x' = vLp^xV~^ for some v € A^p(IR.). Thus 
there is an isomorphism Ad*(p): C{np;E)x ^ C{np]E)x' in C(Lp). One may 
check from the definition of hx that the left triangle of 

C(np;F;), 


■^inv(^p(]^)^; IE) Ad*(t)) 


C(np;A)p 

commutes; since Ad*(v) induces the identity on cohomology, the right triangle 
commutes by the uniqueness noted above. Thus hp is independent of the basepoint 

X. 

The verification of naturality for each map in (4.7.1) is left to the reader. □ 

4.8. This lemma together with equation (4.4.2) yields the 
Corollary. There is a natural morphism 

kp. Asp(Ar;E) —> fpH.Asp(Arp; IHI(np; A)) 
given by to Asp(^p; /ip)(w|j^p) such that i*p(kp) is a quasi-isomorphism. 

4.9. Proof of Theorem 4.1(i). Apply Lemma 4.5, Lemma 4.7, and Corollary 4.8 
with X and G replaced by Xq and Lq respectively. We obtain for all P < Q and 
all Eq G $Hoc)(Lq) natural quasi-isomorphisms 

-4sp(-Aq;Eq) —> ig^Eg , 
hpg: Ai„v(?^?(M)';Eg) ^H(n^;Pg) , 
and a natural morphism 

kpQ'. zg*^sp(-Ag; Eg) —> lpH.Asp(Alp; IHI(np; Pg)) , 
where fcpg(a;) = Asp(Wp; ft,pg)(a>|^^) and i*p{kpQ) is a quasi-isomorphism. The 
proposition follows if we set Ap(Pp) = Asp(^p; Ep). □ 






X:,-MODULES AND MICRO-SUPPORT 


27 


4.10. There are other choices of {Ap}pe-p that yield different incarnations of the 
same realization tSvu- Consider for simplicity just P = G. Then to avoid the 
boundary conditions of special differential forms at the expense of complicating the 
combinatorics, one may set Ag{E) equal to the resolution of by combinatorial 
forms 

comb IE) = 0 (Tp/r^ J \ (IVq (R)\ep); (Wq (R)'; E)). 

P<Q 

As another example, if E has a Q-structure one may set AaiE) equal to the res¬ 
olution iG*I(E) defined in [22, (27.9)]; in this way one obtains a incarnation Aw 
defined over Q for T-modules defined over Q. We will not go into further details 
here. 


5. Example: the Intersection Cohomology C-module 
Let IT C X be an admissible subspace. 

5.1. Recall that there are truncation functors on C(Lp) given by 

-> ^ Kerdg. ^ 0 ^ ■ , 

- . 

There is a natural short exact sequence 0 ^ t^'^C ^ C ^ t^'^C —> 0 whose 
morphisms induce isomorphisms 




H\C) i < n, 

0 i > n, 


and 


0 i <n, 

H\C) i > n. 


The exact sequence also implies there are natural quasi-isomorphisms [27, 1.7.5] 
(5.1.1) M{t^^C-^C) ^T>^C and ^ M(C'^t>"C')[-1] 

which suggests how to extend these functors to 91loD(Ciy). 


5.2. For Q £ consider the composition Ai igAgAi ig^^r^'^igAi of 

natural maps (the first being the adjunction morphism implied by (3.4.1)). Define 
a functor Tq" on 91loD(iLrv) by 

r|"A4 = M{Ai ^ zq*t>"z^M)[-1] ; 

§3.8 shows there is a natural morphism Tq”A 4 ^ A4. By (5.1.1) there is a natural 
quasi-isomorphism 


(5.2.1) 


O -7-^” ~ 


O i* 


g 'EP = Q, 

liP^Q. 


If P < Q a simple formula like (5.2.1) does not hold. Instead there is a short exact 
sequence 

0 ^ H{n% T>'^i*gAi[-l]) fpT|"M ^ i*pAi -> 0 ; 
since H{n^; •) is degree nondecreasing we at least have a quasi-isomorphism 
(5.2.2) 

It is also clear that 


^71 •* ^Tl r\j 

T- OlpOT^ =T- Oil 


(5.2.3) 


o r. 


Q 


= Tr 


OTp 


ii P ^ Q and Q P. 
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5.3. Degree truncation of ^-modules. The functor on OToO(fLiy) is defined 


as 


^Qi 


^r. 

^Q2 


where we write ‘?(W) = {Qi, ■ ■ ■ ,Qn} so that Qi < Qj implies i < j; the functor 
is independent of the choice of ordering on by (5.2.3). There is a natural 

morphism A4. From (5.2.1)-(5.2.3) it follows that there is a quasi¬ 

isomorphism 


O T" 


o i 


Q ■ 


By applying Zg and using (5.1.1) it is easy to verify the 


Lemma. Let W be an admissible space and let Sw- 911oD(Lvv) ^ Da'(lL) be a 
realization functor from Theorem 4.1. Then Sw o = t**" o Sw- 


Remark. The isomorphism does not hold on the level of complexes. The point is 
that T**” on L-modules is defined “externally”, via a mapping cone, whereas 
on complexes of sheaves is defined “internally”, as a sub-object. 


5.4. Intersection cohomology L-module. Let if be a regular G-module and let 
p be an ordinary perversity, that is, a function p\ {2,... ,dimff} ^ Z such that 
p{2) = 0, and p{k -I- 1) = p{k) or p{k) -I-1. The intersection cohomology L^-module 
TpC{E) (with perversity p and coefficients E) is defined as follows. Set 

Mx = E 

For an admissible space W C X strictly containing X let P a T(1F) be minimal 
both with respect to the partial ordering on IP(VF) and to dimffp. Let jp: IF \ 
Xp IF denote the inclusion. Define the Liy-module Mw inductively by setting 

(5.4.1) Mw = ^^^jp.Mw\Xp ■ 

Finally set lpC{E) = M^; there is a natural morphism XpC{E) iG*E. Note that 
since p is nondecreasing one may replace Xp) ( 5 . 4 . 1 ) by Xp) ^ 

Let E = D Xr if be the locally constant sheaf on X induced by E and let 
XpC(X;E) be the corresponding intersection cohomology sheaf [23] in D.v(-^)- 
The following proposition is immediate from the definitions and the fact that S^ 
commutes with the standard functors and with truncation (Theorem 4.1(ii) and 
Lemma 5.3). 

Proposition. There is a natural isomorphism Sj^{TpC{E)) =XpC(X;E). 

5.5. Local intersection cohomology. We wish to give a formula for the local 

cohomology at P of IpC{E). There are two ingredients to the formula. The first is 
the nilpotent cohomology iL(np; E) and its decomposition ®^^Wp from 

Kostant’s theorem as in §0.10.21. The second ingredient is a certain combinatorial 
invariant Ip^H(c{\Ap\)), which we now describe. 

Let |Ap| denote the geometric simplex with vertices indexed by the elements 
of Ap. It has a natural stratification given by the decomposition into open faces. 
The strata correspond to parabolic Q-subgroups Q > P (that is, to nonempty 
subsets Ap C Ap) and are denoted |Ap|°. We give the cone c(|Ap|) the induced 
stratification—the strata consist of the open cones on |Ap|° for Q > P together 
with the cone point (indexed by P). Any constructible subset (that is, any union 
of open faces) of |Ap| or c(|Ap|) is given the induced stratification. 



X:,-MODULES AND MICRO-SUPPORT 


29 


Given an ordinary perversity p and an element w G W, define pu,: J* \ {G} —> Z 

by 

PwiQ) = p(dimnQ -h #Aq) - £{wq), 

where wq denotes the projection of w to the second factor of = W^Wq. This 
defines an integer-valued function on the singular strata of c(|Ap|) or |Ap| (a 
perversity in the sense of [4]). Let Ip^H{U) denote the corresponding intersection 
cohomology group over Z for any open constructible subset U of |Ap| or c(|Ap|). 
(Unlike the intersection cohomology for an ordinary perversity p, the group here 
depends on a choice of stratification; we always use the stratification fixed above.) 
Note that ii P < Q, then wq = {wp)q and so Pw and Pwp agree on the strata of 
Ap|. 

Proposition. H{i*plpC(E)) = 0„gvUp H{np]E)y^®Ip^H(c{\lS.p\)) where Lp aets 
trivially on the second factor. 

Proof. There is a Mayer-Vietoris spectral sequence that abuts to the link cohomol¬ 
ogy E[{i*pjp*jpIpC{E)) (Lemma 3.7 with Q' = G and Q = P) with 

£;f = 0 H{4-H{ilTpC{E))) . 

#Af=p+l 

By induction we may assume the proposition is true for P > P and thus we can 
compute 

Uf- 0 H{np, 0 H{np;EUp<i^Ip^_H{ci\Ap\))) 

#AP=p+ 1 wpGWp 

(5 5 2 ^) - ® ® ® H{np,H{np]E).a,p).^p‘SiIp^.H{c{\Ap\)) 

#ap=p+i wp&Wp 

— 0 H(xip]E)yj <S) 0 Ip^H{c{\Ap\)) . 

wGWp #AP=p+1 

On the other hand, there is an analogous Mayer-Vietoris spectral sequence abut¬ 
ting to Ip^E[{\Ap\). Namely cover |Ap| by the open stars Ua of the vertices 
a G Ap. For a parabolic Q-subgroup P > P, the intersection Up = 

the open star of the open face |Ap|°. For this spectral sequence 
(5.5.2) E^f= 0 Ip^H{Up)^ 0 Ip^H{c{\Ap\)) . 

#A%=p+l #A;P=p-Hl 

Comparing (5.5.1) and (5.5.2) we see that Uf’’ = ®w&Wp ^)w ® £'i’ • This 

isomorphism induces isomorphisms at all stages of the spectral sequences and we 
find that 

H(i*pjp,3*pIpC{E)) - 0 H{np-E)^®Ip„H{\Ap\) . 
w^Wp 

In order to obtain H{i*pIpC{E)), this link cohomology is to be truncated in degrees 
greater thanp(codim^ Xp) = i{w)+Pw{P), which corresponds exactly to replacing 
the second factor by Ip^H{c{\Ap\)). □ 
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6. Example; the Weighted Cohomology C-module 

6.1. The reference for this subsection is [22, §9] though we give a slightly different 
description. 

Let P G 7’ and let X{Sp) denote the lattice of rational characters on Sp. For 
a & Ap, let Ra > P he the maximal parabolic Q-subgroup having type Ap \ {a} 
with respect to P. We may canonically identify X{Sp^) = Z so that the unique 
element of Ap^ corresponds to a positive integer. Consider the map X{Sp) ^ 
OaeAp defined by y (x|sG^)„6Ap. The image is a sublattice of 

finite index; after tensoring with M we have an isomorphism (j)p : ap* = X{Sp) (8>z 
K For P = Pq minimal we omit the subscript. 

Define a partial ordering on ap* by declaring C > if and only if ^p(C) > (f>p{ri) 
component-wise. Thus if “*"ap* denotes the real convex cone generated by all a G 
Ap, we have 

( 6 . 1 . 1 ) 

forall/3eAp. 

P < Q and C G tip*, let = Cla<5 denote the restriction. We have a commu¬ 
tative diagram 

aG* rAp 


aG* rAq 

where the left-hand vertical map is restriction and the right-hand vertical map is 
the projection x ^ 

For a regular Lp-module E we write 

E= 0 E^ 
xex(sf) 

where is the submodule on which Sp acts via y. Given ry G a®*, there are 
weight truncation functors on 9Jloc)(Lp) defined by 

r>VE = 0 and t^^E = 0 ; 

x>vp xfi-np 

the element ry will be called a weight profile. (In [22] a weight profile is required to 
satisfy (()(ry) G (Z -|- f )^; this ensures that any truncation functor arises from 
a unique weight profile rj. We will not assume this, but we will feel to replace ?y 
by ry' provided is unchanged.) Clearly we have a split short exact sequence 
0 ^ T^'^E ^ E ^ t>^E 0. 

6.2. Weight truncation of A-modnles. Consider P < Q G 7 and let if be a 
regular Lg-module. The subtorus Sq C Sp acts on H{n^;Ex) via the character 
y. Thus 


(6.2.1) 


T^^H{n%E) C H{n%T^'^E) . 
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Given a weight profile 77 we define local weight truncation functors Tq^ on 
9Jtoc)(iLvv) via a mapping cone 


( 6 . 2 . 2 ) = M{M iQ^T>'^i*QM)[-l] ; 

these are analogous to the local degree truncation functors in §5.2. The only change 
is in proving the analogue of (5.2.2). Instead of the fact that ■) is degree 

nondecreasing, we use that it is weight nonincreasing by ( 6 . 2 . 1 ); we also use that 
is an exact functor. 

The weight truncation functor on 9Jloh(iLiv) is defined as a composition of 
these local truncation functors as in §5.3. There is a natural morphism —> A4 

and a quasi-isomorphism 


(6.2.3) 


‘Q 


o r 






o i 


Q ■ 


6.3. Weighted cohomology iL-module. Let if be a regular G-module and let 
77 be a weight profile. The weighted eohomology L^-module W'^C{E) {with weight 
profile rj and eoejficients E) is defined as 

W'^CiE) = T^^ic^E . 

There is a natural morphism yV'^C{E) iG*E. Now let 'W'^C{X;E) be the 
corresponding weighted cohomology sheaf [ 22 ] in 'Dx{X). 

Proposition. There is a natural isomorphism S^{yV^C{E)) = W'^C{X;E). 

6.4. Local weighted cohomology. The formula for the local cohomology at P 
of yV'^C{E) is considerably simpler than that for XpC{E) since the former is defined 
by a simple truncation operation as opposed to the inductive truncation procedure 
of the latter. The following proposition is an immediate consequence of (6.2.3) and 
the definitions. 

Proposition. H{i*pW^C{E)) ^ H{i*piG*E) ^ r^'^Hinp; E). 

6.5. Remark. In order to rephrase this in a form analogous to Proposition 5.5, let 
E be irreducible and have highest weight A with respect to a Cartan subalgebra 
of Ip and a positive system <I>+(gc7 t)c) containing $(npc, he). Then by Kostant’s 
theorem § 0 . 10.21 we have 

(6.5.1) H{i*pW^C{E)) ^ 0 H{np; E)^ 0 t^vp-{M^+p)-p)pc 

wGWp 

the second factor is either 0 or C with the trivial action of Lp. As Rapoport pointed 
out to me, the second factor here depends on both w and E, unlike Ip^H{c{\Ap\)) 
of Proposition 5.5 which is independent of E. 


7. Micro-support of an L-module 

In this section we define the micro-support of an L-module. This is an analogue 
of the notion for sheaves [27]; the analogy is not precise, partially because it is most 
natural here to restrict certain modules to be isomorphic to the complex conjugate 
of their contragredient. 
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7.1. Notation. Let W be an admissible space possessing a unique maximal stra¬ 
tum Xn and set 

3rr(LvE) = 3vv(Lp) . 

PG9(IV) 

For an Lp-module V € 3tt(Lw), define parabolic Q-subgroups Q'^ > > P by 

= {aGAp| {^v + Pj < 0 } ) 

n'U' „ 

Ap'^ ={<aSAp| {^v + P) oP) A 0 } . 

Note that and Q'^ depend on W through the parabolic Q-subgroup R indexing 
its maximal stratum. When W = X we simply write Qy and Qy. 

7.2. Definition. The weak micro-support SStt.(Af) of an Liy-module M is the set 
of all V G iJrr(iLry) such that 

(i) H{i*pt^QM)v + 0 for some Q G [Q^^f ,Q'^]. 

The micro-support SStt.(Af) consists of those V G SSu,(Af) which satisfy in addition 

(ii) {V\mp)* = V\mp- 

The essential micro-support SSess(Af) is the set of those V G SS(Af) such that 
(7.2.1) H(i*piQwM)v —^ II(i*prQ,wM)v 

is nonzero. 

In §8 we will discuss condition (ii) further; this will lead in §9 to alternate forms 
of condition (i) and a clarification of the relationship between SS(Af) and SSess(Af). 

8. Conjugate Self-contragredient Modules and Fundamental Weyl 

Elements 

We recall several results due to Borel and Casselman [9]. The hrst is an alternate 
form of Definition 7.2(ii) in terms of highest weights. The second relates this 
condition on certain irreducible components V of H{np; E) to the condition on E. 

8.1. The involution xp. Let P be a parabolic K-subgroup and let V be an irre¬ 
ducible regular Lp-module. We say that V is conjugate self-contragredient if 

as representations of Lp. Clearly this is the case if and only if there exists a 
nondegenerate Lp-invariant sesquilinear form on V, however we will not use this 
characterization. Instead let f) be a Cartan subalgebra of fp and fix a positive 
system d’+([pc,f)c) of roots. Borel and Casselman [9, §1] construct an involution 
Tp : [)c ^ t) J that sends the highest weight of a representation of Lp to its complex 
conjugate contragredient. Thus V is conjugate self-contragredient if and only if 

Tp(/X) = fl. 

where /i is the highest weight of V. 

To define Tp, first let be the real form of spanned by the roots d>(lpc, f)c) 
and the differentials of rational characters of the center of Lp. Let s^ G be the 
element of the Weyl group of (p satisfying s^(—<l>+(lpc, f)c)) = d>+(lpc, f)c); simi¬ 
larly if c denotes complex conjugation of f)p with respect to the original real form 
t)* let s^ G satisfy s‘^(c<j>''‘([pc, ()c)) = d>'''([pc, ()c)- The automorphism —s^ on 
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()r transforms the highest weight of an irreducible Lp-module to that of its contra- 
gredient, while s'^c on ()g transforms the highest weight of an irreducible Lp-module 
to that of its complex conjugate representation. Thus the desired automorphism of 

is 

Tp = { — S^) O (s°c) = (s'^c) O ( — 5^) 

and we extend this C-linearly to We let Tp also denote the dual involution of 

t)c- 

The involution Tp depends on the choice of the Cartan subalgebra f) and the 
positive system of roots. If ^“'"([pc, f)c) = f)c) for w G W^, then the 

corresponding involution Tp satisfies 

(8.1.1) Tp = WTpW~^ . 

8.2. An alternate form of Definition 7.2(ii). Now assume that P is defined 
over Q. We may write [} = bp + ap where bp is a Cartan subalgebra of mp. Note 
that Tp acts by negation on ap and leaves bpc invariant. Let bpc = bpp + bp^_i 
be the decomposition into the +1 and —1 eigenspaces of Tp. 

The following conditions are equivalent (where /r denotes the highest weight of 

C): 

(8.2.1) (VImp)* — V\mp, that is, V\mp is conjugate self-contragredient, 

( 8 . 2 . 2 ) Tp{fi\bp) = fi\hp, 

(8.2.3) =0. 

(In (8.2.2) and elsewhere we attempt to lighten the notation by writing /x|[,p for 
LI b PC •) 

For later use we set Tp = —Tp. 

8.3. Example. Recall that p = + pp, where p^ is one half the sum of roots in 

‘h^(ipC) l)c) and pp is one half the sum of roots in <I)(npc, (ic)- The set <l>(npc, t)c) is 
IF'^-invariant and thus pp|i,p = 0. On the other hand, <I>+(Ipc, ()c) is Tp-invariant 
and thus Tp{p^) = p^. Together these imply 

(8.3.1) Tp(p|i,p) = p|t,p . 

8.4. Fundamental Cartan subalgebras. The familiar situation is when Tp = 6 
for some Cartan involution 6 of Ip and hence Tp acts on roots as complex conju¬ 
gation. For a fixed P, this can always be arranged by choosing 1} and <I)+(Ipc, I)c) 
appropriately. Namely Tp = 0 if and only if I) is a 6*-stable Cartan subalgebra 
of Ip and 4>+([pc,t)c) is 0-stable. A 0-stable positive system exists if and only if 
there exists a regular element in the compact part of I) and hence if and only if the 
compact part of I) has maximal dimension. A Cartan subalgebra with this property 
for some Cartan involution is called fundamental (or maximally compact) for Ip; 
fundamental Cartan subalgebras always exist. 

In the case that Tp = 9 the decomposition bpc = bpp -t- bp^_i is defined over K 
and corresponds to the Cartan decomposition into compact and M-split parts; the 
condition that F|mp is conjugate self-contragredient is equivalent to p vanishing 
on the M-split part of bp. 
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8.5. Equal-rank groups. A reductive algebraic group Z defined over K. will be 
called equal-rank if C-rankZ = rank where Kz is a maximal compact subgroup 
of Z(]R). This holds if and only if a fundamental Cartan subalgebra is compact and 
thus if and only if every regular representation of Z is conjugate self-contragredient. 

8 .6. Fundamental parabolic subgroups. A Cartan subalgebra [) for ip may of 
course be identified with a Cartan subalgebra for g via a lift; we will always assume 
this has been done. Consider the condition on a parabolic M-subgroup P that a 
fundamental Cartan subalgebra 1) for ip is also fundamental for g. Such parabolic 
K-subgroups exist and a minimal one is called fundamental. If Pq is a fundamental 
parabolic R-subgroup, then Lpg/^Sp^ is equal-rank; Pq ^ G it and only if G/s_Sg 
is not equal-rank. Various conditions equivalent to P containing a fundamental 
parabolic R-subgroup are given in [9, 1.8]; here are some others more suitable for 
our purposes. 

Lemma. Let P be a parabolic M.-subgroup of G and fix a Cartan subalgebra [} 
of ip. Let f)c) be a positive system for Ipc and extend it to a positive 

system $+ = <I)+(gc, f)c) containing <i>(npc, f)c)- Then the following conditions are 
equivalent: 

(i) P contains a fundamental parabolic M.-subgroup; 

(ii) There exists w S Wp such that wtqw~^ = Tp; 

(iii) There exists w € Wp such that r'p interchanges and ^(npc, f)c) \ ^w, 

where <i>tu = {76 $+ | w~^'y < 0 }; 

(iv) There exists w S Wp such that is Tp-stable. 

The conditions in (ii), (iii) and (iv) for a given w are equivalent. 

Proof. Let Tp and tq be defined as in §8.1 with respect to $'*’([pc7 f)c) and $+ 
respectively. We choose a Cartan involution 9 for g which induces one on Ip via a 
0-stable lift. We can assume that f) is a fundamental 0-stable Cartan subalgebra 
for Ip and (by conjugating by an element of W^) that <I)+(lpc, f)c) is 0-stable and 
thus that Tp = 9. 

(i) =^'(ii): Suppose that P contains a fundamental parabolic R-subgroup. Then i) 
is a fundamental Cartan subalgebra for g as well so there exists a 0-stable positive 
system $+ for g which contains d>'^([pCj f)c)- Let fa denote the operator of §8.1 
with respect to $+; since is 0-stable it satisfies tg = 9 = Tp, while if $+ = w<E>+ 
for w G W then fq = wtgw~^. Since both positive systems contain d>+([pc, ()c)j 
w must lie in Wp. 

(ii) =>(iii): Suppose wtgw~^ = Tp for some w G Wp. Then tg = Tp where fq 

is with respect to $+ = Decompose <l>(npc, ()c) = U ($(npc, (ic) \ '&!«)■ 

Observe that these subsets correspond to those roots that are negative (respectively 
positive) with respect to $+. However Tp preserves <l>(npc, t)c) and since Tp = Tq 
it must interchange the two subsets. 

(iii) =^(iv): If w is as in (iii), the positive system w<i)+ = d>+([pc, (ic) U —U 
($(npc, t)c) \ ^'u.) is rp-stable. 

(iv) =7(i): Since 1;;$+ is 0-stable, () is fundamental for g. □ 

8.7. Fundamental Weyl elements. An element w G Wp satisfying wtgw~^ = 
Tp as in Lemma 8.6(ii) will be called a, fundamental Weyl element (for P in G). More 
generally, if P < P an element w G Wp is fundamental for P in P if wtrw~^ = Tp 



X:,-MODULES AND MICRO-SUPPORT 


35 


(equivalently it is fundamental for P/Nr in Lr). Besides the equivalent formula¬ 
tions given in Lemma 8.6(iii) and (iv), here are two basic facts about fundamental 
Weyl elements: 

(i) A fundamental Weyl element w &Wp satisfies ^{w) = \ dim rip. 

(ii) If P < i? and w = w^wr G WpWp = Wr, then w is fundamental for P 
in G if and only if is fundamental for P in i? and wp is fundamental 
for R in G. 

Fact (i) is clear from Lemma 8.6(iii). For (ii), note that rp leaves $(lpc 7 (ic) invari¬ 
ant and thus if w<i>+ is Tp-stable, so is w^^^{Irc, f)c) = fl $(lpcj f)c)- Hence 
by Lemma 8.6(iv), WTaw~^ = Tp implies w^tr{w^)~^ = tr and consequently also 
WRTGWp^ = tr. The converse is clear. 

8.8. Lemma. Let E be an irreducible regular G-module and let P be a parabolic 
subgroup ofG. The following conditions are equivalent: 

(i) P contains a fundamental parabolic R-subgroup and (Pjog)* = E\og; 

(ii) There exists an irreducible constituent V of H{np; E) satisfying {fv + 
P)\a$ = 0 o.nd {V\mp)* = V\mp- 

If either condition holds, V = (tip; P)™ for w G Wp a fundamental Weyl 

element for P in G and (ii) holds for any such V. 

Proof. Let 1) be a Cartan subalgebra f) of Ip and fix positive orderings for the 
roots of Ipc and gc as in Lemma 8.6. Let E have highest weight A; by Kostant’s 
theorem, for all w G Wr the Pp-module V = {np; E)^, has highest weight 

pL = w{X + p) — p. One may use §§8.2 and 8.3 to translate (i) and (ii) into assertions 
regarding w and A; their equivalence in this form is proved in [9, 3.6(iii)(iv)] (one 
must replace A in [9] by A -I- p to agree with our notation). For the final assertion, 
note that since tr preserves the decomposition ba = fap-l-Op and acts as —1 on the 
second factor, (ii) holds for a given w if and only if Tpw{X -f p)|bG = + P)ltiG 

and hence if and only if w~^Tpw{{X -f p)|bG) = (^ + P)lt>G- Since w~^Tpw and tq 
are members of W after composing with — c and they agree on a regular element, 
they must be equal. (In fact this argument may be completed to directly prove the 
equivalence of (i) and (ii).) □ 

9. Alternate Forms of Definition 7.2(i) 

Let W be an admissible space possessing a unique maximal stratum Xr. 

9.1. A partial ordering on 9rr(iLvi/). Let V, V € 3rr(iLvF) be irreducible Lp- 
and Lp-modules respectively. Set V H if the following three conditions are 
fulfilled: 

(i) P < P; _ 

(ii) V = V)^ for an element w G 

(iii) (Cu +P)l„p = 0. 

From §0.10.22 it is easy to see that this is a partial order. If fo H we set 
[V : V] = £(w), where w is as in (ii). (We will consider the partial ordering 
obtained by relaxing (iii) later in §22.3.) 

Lemma 8.8 immediately implies the following 
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Lemma. If V and {V\mp)* = V\mp then (y\Mp)* = V\Mp, the Weyl 

element w from (ii) above is fundamental for P in P, and [V : V] = ^ dim rip. 

9.2. Proposition. Let Ai be an Lw-module and let V € be an irreducible 

Lp-module. The following conditions on V are equivalent: 

(i) H{i*pVQM)v for some Q ^[Qy ,Q'^]. 

(ii) H{i*pipJ*pV^M)v for some Q & Qy and P = {P,Qy )r\Q. 

(iii) There exists an Lp-module V )pqV such that H{i*pVp.wM .)y ^ 0. 

(iv) There exists an Lp-module V V such that 

\m{H{z*p^M)p ^ 0 . 

If these conditions hold it can be arranged that P in (ii) and (iii) is the same and 

that P > P. Furthermore, let [ci{-; M.), di{-; M.)] (z = 1, • • •, 4) denote the range of 
degrees in which the expressions in (i)~(iv) respectively can be nonvanishing, where 
in the parentheses we indicate the module and, if desired, the parabolic Q-subgroup 
to which we wish to restrict. Then 

[ci{V-M),di{V-M)] c [c 2 {V-M),d 2 {V-M)] , 

(9.2.1) [c 2 {V,P-,M),d 2 {V,P-,M)] = [cg{V-,M),dg{y-,M)] + idimn| , 

[cg{V] M), dg{V] M)] C [ca{V] M), dA{V] M) + dima^] + \ dimn|! . 

Proof. (i)<;=^(ii): Assume (i) holds and consider the long exact sequence 

(9.2.2) 

• • • —> W{ipVQwM)v ^ II\ipVQM)v —> H\i*pjQWS qwVqM)v —> • • ■ 
as in (3.6.4). If /3 is surjective, then H(Tpi'n, AA)v ^ 0 and (ii) holds with Q = 

Wv 

and P = P. Otherwise the last term of (9.2.2) is nonzero which implies by the Fary 
spectral sequence of Lemma 3.7 and equation (3.6.6) that (ii) holds for some Q < Q 
with P > P. Conversely suppose (ii) holds for some Q and consider the analogous 
long exact sequence to (9.2.2) in which Q has been replaced by Q. By (ii) the Fary 
spectral sequence for the last term has Ei nonzero at the top level. Thus either 
the last term is nonzero, in which case (i) holds for or Q, or else the last term 
is zero, in which case (ii) holds also for some smaller Q and we may repeat the 
argument. 

(ii) <;=^(iii): Assume that (ii) holds. Then by (3.6.6) we see that H(i*-i ~AA)y ^ 

0 for some irreducible Lp-module V such that V is an irreducible constituent of 
i7(np; V). By the definition of P we see that (Cy+p)lnP = 0 £^nd so V =4o V. Finally 
{^V + P)\ap = fy Pp implies that Q = and thus (iii) holds. Conversely (iii) 
implies H{i*pipJ*piQW M)v 0. We have V P and Q'^ = Q'^ so 

Qp e [Qy jQ'^] and hence (ii) holds. 

(iii) <^=>(iv): Assume that (iii) holds and consider the long exact sequence 


^{i*p3Q'"*TQvyrQ,wM)i^ 


H^iipQW 


M), 


H^i*prQ,w 


M) 


V 
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Either (3 is nonzero, in which case (iv) holds, or the first term of the sequence is 
nonzero. By Lemma 3.7 and equation (3.6.6) this implies that (ii) and hence (iii) 
holds for a larger P and we may repeat the argument. Obviously (iv) (iii). □ 

9.3. Corollary. If V € SS(Al) there exists V G SSess(Al) with V =^o V. If 
V G SS(Al) and V G 3rr(Cvu) is an irreducible Lp-module for which E|mp is 
conjugate self-contragredient and V V, then V G SS(Al). 

Thus SSess(Al) determines SS(A^); the converse is not true however—this is 
because the implication (ii) (i) does not determine Q. 

Part II. A Global Vanishing Theorem for L-modules 

In this part we present a vanishing theorem for the global cohomology of an 
L-module A4. The well-known local-global principle implies that if the local coho¬ 
mology of a sheaf vanishes, then the global hypercohomology vanishes. Our result 
implies that if the micro-support of an C-module is empty, then the global coho¬ 
mology vanishes. More generally we give a bound based on the micro-support on 
the degrees in which cohomology can be nonzero. 

10. The Vanishing Theorem 

10.1. Let P G T and let 1) be a Cartan subalgebra of Ip. Given ^ G 1}^ view /r as 
an element of Ipj. by extending /i to be zero on all root spaces. Let Lp (/i) C Lp he 
the stabilizer of fj, under the coadjoint action. This is a reductive subgroup (defined 
over C) whose Lie algebra lp{fi) is generated by [} and the root spaces for 

(10.1.1) {7G$(Ipc,[)c) I (P7'^) = 0} . 

As extreme cases we have Lp(0) = Lp and Lp{p) = H, the Gartan subgroup. 

10.2. Let V be an irreducible regular Lp-module for which {V\mp)* — M|mp- 
Ghoose [) and <I)+ so that tp = 9 for some Cartan involution and let ^ G be 
the corresponding highest weight of V. In this case /i|(,p = —plbp and so Lp{p) is 
defined over K.. Let 

Dp{p) = Lp{p){R)/{Kp n Lp{p))Ap 

denote the corresponding symmetric space (compare [7]). The dimension of Dp{p) 
can vary depending upon the 0-stable positive system $+; we let Dp{V) denote 
any one of the Dp{p) with maximal dimension. Then dim Up(V) is well-defined 
and independent of the choice of t) and 9. It will be convenient beginning in §25 to 
allow V in Dp{V) to be merely isotypical as opposed to irreducible. 

10.3. Let M be an L-module on X. For V G SS(Al) let c{V]M) < d{V]M) be 
the least and greatest degrees in which 77* (*p*Q-^)u 7^ 0 (for any Q G [Qv,Qv])- 
Define 

(10.3.1) c(A4) = inf ^{dimDp — diinDp(y)) + c{V; M) , and 

(10.3.2) d{M) = sup ^{dimDp + diinDp(y)) + d(y;M) . 

vess{M) 

Note that the shift ^ (dim Dp ±dimDp(V)) corresponds to the range of degrees in 
which i7(2)(Ap;V) can be nonzero (see Theorem 14.1). 
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10.4. Theorem. Let A4 be an L-module on X. Then = 0 for i ^ 

[c{M),d{M)]. 

The proof will appear in §15 after a number of analytic preliminaries. In the 
remainder of this section we will indicate how c(A4) and d{M.) may be computed 
in terms of the essential micro-support. 

10.5. Lemma. Let V be an irreducible regular Lp-module for P G T and assume 

V\mp is conjugate self-contragredient. IfV then 

(10.5.1) diinDp{V) < dimDp{V) — dimap . 

Consequently 

(10.5.2) i(diml?p — dimllp(t^)) > i(dimllp — diml?p(y)) — ^ dim rip , 

(10.5.3) i(dimllp -|- dimllp(t^)) < i(dimPp -|- dimllp(y)) — 4 dimn|( 

— dim Up . 

Proof. Let 1) be a 0-stable Cartan subalgebra for [p and hence for Ip. Choose 1) 
and <!>+ so that Tp = 9 and let p be the corresponding highest weight of V. Then 
we can define Dp{p) to be the symmetric space of Lp(^)(M) as in §10.2. Now by 
hypothesis and Lemma 8.8 we know that V = V)^ for w G Wp such that 

WTpW~^ = Tp. Then Tp = 9, where Tp = WTpw~^ is the operator of §8.1 defined 
with respect to the positive system ■u;<I>+. So if fl is the highest weight of V with 
respect to we can define Dp{wfi) to be the symmetric space of Lp{wfL){R) as 
in §10.2. 

Now jjL = w{fL + p) — phy Kostant’s theorem §0.10.21. So if 7 is a root of Ipc 
and (/i, = 0 then {wfi, 7^) = 0 as well, since both wfi and wp — p are dominant 

for 4)^(lpc, l)c)- Thus Lp(p) C Lp(wp,) and hence dimZlp(/i) < dim.Dp{wp,) — 
dim Up; the subtraction of dim ap adjusts for taking quotient by Ap on the left and 
Tp on the right. The lemma follows by taking the maximum over possible and 
by applying dim Up = dim Up — dimap — dim tip. □ 

10.6. Let M be an L-module on X. For V G SS(A4) let [ci{V; M), di{V; M)] 
(i = 1, ..., 4) be as in Proposition 9.2. Dehne Ci(A4) and di{M) analogously to 
(10.3.1) and (10.3.2) with the exception that we set 

d 2 {M) = sup i(dimHp-I-dimllp(P))-I-dimap-I-^2(1^, .P; A4) . 
VgSS{M),P 

Of course [c{M), d{M)\ = [ci(A4), di(A4)]. In fact we have 
Proposition. The intervals [ci{M),di{M)] are equal for i = 1, ..., 4. 

Proof. We will prove all di(A4) are equal; the proof of the other equalities is similar. 
For V G SS(A4) let P 7:0 P 7^0 P be chosen as in Proposition 9.2 such that 
d 2 iV;M) = d 2 {V,P;M). Then 

di{V;M) < d2{V, P;M)= dz{V\M) P \ dimn|( 

< di{y-,M.) + dimap -I- ^ dim tip 

by (9.2.1). These inequalities together with (10.5.3) (applied both to P 7(0 P and 
y ^0 y) yield di{M) < d 2 {M) < d^{M) < di{M.). On the other hand, for 
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V € SSess(A^) the obvious inequality d4{V]M) < di{V;M) implies that d4iM) < 
di{M). □ 


Corollary. ForV S SSess(A^) letCess{V;M) < dessiV;M) be the least and greatest 
degrees in which 

lTn{H(i*piQwM)v —^ Hii*piQ,wM)v) + 0 . 

Then 

c(A 4 )= inf i(dim_Dp — dimZ)p(l/)) + Cess(l^; , and 
U6SSe.s(X) ^ 

d{M) = sup i(dimL)p-I-dim£)p(l/)) + dess(l^; • 

UeSSess(X) 


11. L^-cohomology with Boundary Values 

In this section we introduce a variant of L^-cohomology whose elements admit 
restrictions to boundary faces. 

11.1. L^-cohomology. We first recall ordinary L^-cohomology; references are [18] 
and [56]. Let V be a Riemannian manifold (possibly with boundary or corners) 
and let E be a metrized locally constant sheaf. For a measurable E-valued form lo 
on Y let 

M\ = M\y=(^j^\u:\^dVy 

denote the usual Lp' norm (we will omit the subscript Y if this would not cause 
confusion). Let L 2 {Y ; E) be the Hilbert space of those forms to for which ||a;)| < oo; 
equivalently this is the completion of Ac (Y ; E) with respect to the norm. Let 
d = dy = dy^E denote the unbounded densely defined operator given by exterior 
differentiation on the domain 

Domd = { w S A(Y ; E) | ||a;||, ||dw|| < cx) } 

and let d be its closure in the graph norm. That is, lo G L2(V; E) is in Dom d if and 
only if there exists a sequence tOi G Dome? such toi and duji are Cauchy sequences 
and LOi ^ uj in Lp norm. The -cohomology iL(2)(V;E) is defined to be the 
cohomology of the complex Dome?. A smoothing argument [19, §15], [18, §8] shows 
that the inclusion Dom e? C Dom e? induces an isomorphism H( 2 ) (V; E) = H (Dom d). 
Consequently 

(11.1.1) iL(2) (V; E) = iL(V; E) if V is compact. 

We give iL(2) (Y ; E) the quotient topology; this is Hausdorff if and only if Range d 
is closed. If it is Hausdorff, then iL(2) 0 ^; E) is representable by harmonic forms, 
namely Ker e? n Ker d where d is the adjoint of e? in the sense of unbounded 
operators on the Hilbert space L2(V;E); conversely if it is not Hausdorff the L^- 
cohomology is infinite dimensional. 

If g > 0 is a positive function on Y one may also consider the weighted norm 
Ikll^ = Ir |w|^gc?V, the corresponding Hilbert space L 2 {Y;'K,g), and the 
cohomology iL(2) (^5 Ej ff)- Since this case may be absorbed into the previous by 
modifying the metric on E, we do not mention it again in this section. 
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11.2. Spectral vanishing criterion for H( 2 )iY ;E). If Y is complete as a metric 
space, a certain estimate implies the vanishing of L^-cohomology. More precisely, 
define the space of e-approximate harmonic forms 

ne(Y-,E) = {to € Bom d* n A^(Y-,E) \ \\dLof + \\d*tof<e\\tof} . 

• • • , , 

(Note that the intersection with Dom d , which forces to to satisfy Neumann bound¬ 
ary conditions, may be omitted if dY = 0.) 

Proposition. ([47, Prop. 1.2]) Assume that Y is complete as a metric space. Then 
TL\{Y]E) = 0 for some e > 0 if and only if H^ 2 )(Y',^) = 0 and is 

Hausdorff. 

11.3. L^-cohomology with boundary values. For to S A(F;E) define the norm 

11*^ II6 = 11‘^lly + ^ 11 ‘^IeIIe) 

F 

where F ranges over the closed proper boundary faces of Y. We will write, for 
example, “ll-llb-bounded” if we mean to use this norm. Let db = dy^b = c?v,&,e 
denote the unbounded operator on L 2 iY ; E) given by exterior differentiation on the 
domain 

Dom4 = {to € A(y;E) | ||w||t„ ||dw||& < cx)} 

and let db be its ||■ || {,-closure in the graph norm. That is, to G L 2 {Y;E) is in Domdh 
if and only if there exists a sequence tOi G Dom(i{, such tOi and dtOi are Cauchy 
sequences in the norm ||•||{, and jjwj—wj] ^ 0 (usual norm). Since ll-ll < ||•||^„ we 
have an inclusion of complexes Dom(i{, C Domd, but it is important to note that 
db is not a closed operator on L 2 {Y ; E) in general. (In §11.7 below we will consider 
a larger Hilbert space in which db is closed.) The -cohomology with boundary 
values is defined to be 

i7(2),{,(T;E) = HfDomdb) ■ 

(Actually in general one would want to consider various weight functions on the 
boundary faces in defining H'llb, but this is not necessary here; see Remark 11.6 
below.) 

11.4. L^-cohomology with boundary values is convenient since to G Dom db admits 
a strong L 2 trace or restriction to\F G L 2 {F;E\f) for each closed boundary face F. 
Specifically 

Lemma. Restriction to a closed bounded face F induces a well-defined ||■||{,-&OM7^(ie(i 
map 

Domdv b ^ Dorndj’ ;, 

and consequently a map 

i7(2),{,(T;E) ^iJ(2),{.(F;E|f) . 

Proof. Given to G Domdh let tOi be a sequence of smooth forms with \\u)i — w||{, ^ 0 
and dtOi a Cauchy sequence in the norm ||•||{,. Then tOi\F is a Cauchy sequence in 
L2{F]E\f) and we set w|f to be its limit. Clearly to\F G Domd^.b- 

To see that wIf is well-defined, it suffices to consider w = 0 and F a codimension 
1 boundary face. (For if to\F is well-defined and F' C F, then to\F G Domd^.b and 
uo\f' = (w|f)|f'-) Let int F denote the interior of F and v the outward unit normal 
vector. For any form a G Ac(int A; E|f), there clearly exists a form a G Ac(T;E) 
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of one degree higher with Neumann boundary data {iva)\F = cn- Then Stokes’s 
theorem implies that 

{uJt\F,a)F = {dLOi,a) - {uii,6a) 

where 5 is the formal adjoint to d. Now if Wi ^ 0 with dtOi Cauchy, we would have 
dcoi ^ 0 as usual and hence by the above formula, (wiIf, q;)f ^ 0 for all a. Since 
such a are dense in L 2 {F;E\f), we see that uj\f = limWi|F = 0. □ 

11 . 5 . On the other hand, we have an inclusion of complexes Domdh ^ Domd 
which induces a homomorphism 

i/(2),6(r;E) ^iJ(2)(r;E). 

We will give a simple criterion for this to be an isomorphism which will suffice for 
our purposes. 

Consider a system of tubular neighborhoods 

{Nf,Pf, ^f) 

of the closed boundary faces F C Y, where Nf is an open neighborhood of F, 
PF- Nf ^ F is a. smooth retraction, tF- Nf [0, l)™dimF jg normal variable 
with F = and 

(tF,PF): iVF ^ [0,1)“'^™'^ X F 

is a smooth diffeomorphism. We require that this data is compatible in the sense 
that if F and F' intersect, then 

Nfhf' = Nf n Nf'i 

( 11 . 5 . 1 ) Pfff'= PfPf'= Pf'Pf on Nfff', 

^FnF' = (^FjIf') on A^fcf'i up to permutation of coordinates. 

It is not difficult to see that for any manifold with corners (always assumed para- 
compact) such a system of tubular neighborhoods always exists. Note also that 
such data induces canonical isomorphisms 

'^\nf = PfE|f. 

Lemma. Let Y he a Riemannian manifold with earners and E a metrized locally 
constant sheaf on Y. Assume that a system of tubular neighborhoods satisfying 

( 11 . 5 . 1 ) can be chosen so that the Riemannian metric ds"^ on Y and the metric h 
on E satisfy the quasi-isometry^ relations 

( 11 . 5 . 2 ) ds'^lNp dtjpp*pds% 
and 

h\NF ~ Pf(^|p) 

uniformly for all codimension 1 closed boundary faces F. {This holds in particular 
ifY is compact.) Then the natural map induces an isomorphism 

i?(2),6(y;E) ^iJ(2)(r;E). 


®Two metrics g, g' are said to be guasi-isometric if there exist constants C, C > 0 such that 
Cq' ^ 9 ^ Cg'] we denote this by ^ g'. 
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Proof. Let r]{t) be a smooth function on [0,1] which is identically 1 on [0,1/4] and 
has support in [0,1/2). Assume first that Y has a smooth boundary F and set 
t = tp and p = pf- As in [18], the homotopy operator 


Hu) = 2p{t) [ ( [ Lo/otiv 

Jo \Ja 


da 


yields a homotopy formula 


(11.5.3) 


dH + Hd = I - P 


on smooth forms, where 


ri/2 ri/2 / j't \ 

Pu = {1 - r]{t))uj + 2p(t)p* J {Lo\axF)da-2p'{t)dt A J ij ia/atwj 


da 


Given our hypotheses on the metrics, an easy estimate using the Cauchy-Schwarz 
inequality demonstrates that and P are bounded in the usual norm. Thus 
(11.5.3) holds on Domd. On the other hand. 





and 


. 1/2 

\\Pu;\f\\=2\\ / {u;\axF)da\\<CM. 

Jo 

Thus P defines a bounded map Dome? ^ Dome?;, and (11.5.3) holds on Domd^; this 
proves the lemma for the case of a single boundary face. In general one performs 
this construction for each codimension 1 closed boundary face and composes the 
homotopies and projections in the usual way [19, §15]; the hypotheses (11.5.1) 
ensure that the ti^’-invariance produced by Pp is not disturbed by Ppi or F[pi. □ 

11.6. Remark. If Y is not compact then analogous results may be proven even if 
(11.5.2) fails. For example, if instead of (11.5.2) we have 

ds'^lffp ~ {ppWp)'^dt'p Ppds'p , 

where wp > 0 is a bounded function on F, then the lemma continues to hold 
provided that ]]■]]{, is defined using an L^-norm for F which is weighted by wf 
(and a product weight for faces of higher codimension). Even weight functions not 
independent oi tp may be handled—for a nontrivial example and application see 
[42, §§2-4]. (In particular Lemma 3.2 of [42] is the analogue of the lemma above.) 

11.7. Since dt is not closed, we need to be careful about the meaning of the adjoint 
operator c?^ before extending the spectral vanishing criterion of Proposition 11.2 to 
77(2) f,(^j]E)- Let L 2 ,biY;E) denote the Hilbert space completion of Ac(P;]E) with 
respect to IJ-Ub; by associating to a form oj G Ac(F;E) the collection (w1f)f of 
restrictions to faces, we obtain an isometry L2,b(P;E) ~ 0^, L2(E;EjF). In this 
way Dome?;, may be viewed as a subset of 7^2,6(P; E) and the map (w|f)f (dtolp)p 
is a closed unbounded operator. Dehne c?j to be the adjoint of this operator in the 
sense of unbounded operators on L2,&(T;E). 
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To understand better, assume that ip = S Domdf, with each a 

smooth form on F. Then from the relation {di,'tjj,u!)b = ("0, dbio)b which is valid for 
all oj G Domdf,, but in particular for all w G Ac(F; E), it is easy to see that 

{d^'ip)F = ^ 

FDF 

Here is the formal adjoint to d on f and the sum is over boundary faces F for 
which T’ is a codimension 1 face with unit normal vector Fp. 

Note that tp belonging to Domdf, does not necessarily imply that the various 
0_F satisfy Neumann boundary conditions. Furthermore even if ip is induced from 
a smooth form on Y, the same is not necessarily true for df^ip. 

11.8. Spectral vanishing criterion for iJ( 2 )_b(T;E). To state the vanishing cri¬ 
terion, define 

F^biY ; E) = { O’ G Dom db H Dom dj,, supp w compact | 

\\dbu;\\l + \\7Ml<eMl}- 

Note that from now on we will resume viewing Dom dt, (and hence to above) as 
being contained in L 2 {Y;E). Even so, df^uj must still be viewed as an element of 
L 2 ,f,(F;E) as in the previous paragraph. We give Kerdf, and Ranged;, the topology 
coming from the H-Hb-norm and let F[(^ 2 ),b{Y]K) have the quotient topology. 

Proposition. Assume that Y is complete as a metric space. Then f,(F;E) = 0 
for some e > 0 if and only if Fi) ^ ; E) = 0 is Hausdorff. 

Proof. The desired equivalence would follow from Banach’s closed range theorem 
[26, § 1 . 1 ] if it were not for the restriction that suppw be compact in the definition 
of 7t) ;,(T;E). To see that this doesn’t matter, first note that by Cohn-Vossen’s 
generalization [3, 2.4] of the Hopf-Rinow theorem, the completeness of Y implies 
that the function r{x) (distance in Y from a fixed point) has compact sublevel 
sets. Then (following [21] except we don’t bother regularizing) use r{x) to create 
a sequence of compactly supported Lipschitz functions pk such that 0 < 77 ^ < 1, 
\dr]k\ < C, and every compact if C T is contained in % ^(1) for k sufficiently large. 
For OJ G Domdfc nDomd;,, it follows that rjkOJ oj, dbpqkuj) dboj, and dj^irikoj) 
dfjUj in the jj-jjh norm. Thus the existence of a nonzero to G Domdb fl Domd;, 
satisfying UdbwUj + jjd;,^]]^ < eUw]]^ would imply that ^ 0. □ 

Remark. The proposition would remain true if in the definition of TLe.bfY^E) we 
restrict to uj smooth (as for ordinary L^-cohomology). The proof requires a gener¬ 
alization of Friedrich’s regularization techniques to handle boundary values; since 
we will not need this stronger result, we will not go into details. 

11.9. L^-cohomology with boundary values of X. In the next section we will 
define a Riemannian metric on X (actually on a space Xt diffeomorphic to X) whose 
restriction to Yp C dX is IVp-invariant. Thus there is an induced Riemannian 
metric on every strata Xp of X. Even though X is not a manifold with corners, 
we can define the operators dj^ and d^ ^ as well as the L^-cohomology groups 

H( 2 ){X]E) and iJ( 2 )_b(X;E) just as for X but with the following differences: 
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• Forms in the domain of and belong to the complex of special 

differential forms ^sp(^;lE) as opposed to A(X;E). 

• The ll'llb-norm is defined using the restrictions oj i—> Lo\xp from (4.4.1) as 
opposed to w 1 -^ w I Yp. 

All the results in the preceding subsections extend to this context (and likewise if 
X is replaced by any domain U C X). 

12. L^-cohomology of L-modules 

In this section we will represent the cohomology H(X;A4) of an iL-module Xi by 
a variant of L^-cohomology. To do this, we need to consider Xt C X, a, diffeomor- 
phic image of X which was constructed in [43], and replace X by the corresponding 
Xt- We state a vanishing criterion for this L^-cohomology analogous to those in 
Propositions 11.2 and 11.8. 

We also introduce a variant of IL-modules on Ap x Xp and their L^-cohomology. 

12.1. Locally symmetric metrics. We will work with a fixed basepoint x € D. 
Let KAq C G(]R) be the stabilizer of the basepoint x and let 9 be the Cartan 
involution associated to K (see for example [8, V.24.6] or [11, 1.6] for the noncon- 
nected and nonsemisimple case) with Cartan decomposition g = t + p + aG. Fix 
an Ad G(]R)-invariant, 0-invariant nondegenerate bilinear form B oti q such that 
(A, y) 1 -^ —B{X,9Y) is a positive definite inner product on g. (On the derived 
algebra one may take B to be the Killing form.) The restriction of i? to p -I- Ug 
yields an Ad AT AG-invariant inner product on T^D which may be extended to a 
G(M)-invariant metric on D\ this descends to a locally symmetric Riemannian met¬ 
ric on A = F\Z1. In addition one obtains from B left-invariant metrics on all Lie 
subgroups of G(K). 

If (A, a) is a regular representation of G let E = U Xr A be the corresponding 
flat bundle on A. An admissible inner product on A is a positive definite Hermitian 
bilinear form on E which is A-invariant and for which p -|- ug acts via self-adjoint 
operators; equivalently it is a form for which a{g)a{9g)* = idp for g G G(IR). 
Admissible metrics always exist (see [34, p. 375] in the case where G(R) is connected 
and semisimple; the generalization to our situation is clear). Such an admissible 
inner product on E induces a metric on E; in the case that E is isotypical it is 
given by the formula \{gKAQ,v)\ = \^%{g)\''^ ■ \a{g~^)v\, where is the character 
by which Sg acts on E and /c G N is such that extends to a character on G. 

The above construction may be applied to all Lp (using the basepoint Ap o 
Npx G Dp, corresponding maximal compact subgroup Ap C Lp(]R) and the bi¬ 
linear form on [p induced from B) in order to define locally symmetric metrics on 
the Ap and metrics on flat bundles Ep associated to regular representations Ap of 
Lp. 

For a parabolic P there is (analogously to §1.4) a flat nilmanifold fibration 
F p\D ^ Zp = T pp\(Ap(R)\A). The space Np(R)\D is naturally a homogeneous 
space for Ap(]R) with the stabilizer of a point being a maximal compact subgroup 
times Ag. The metric on D induces a Ap(R)-invariant metric on Ap(IR)\A and 
hence a metric on Ap. There is a trivial principal Ap-bundle Ap ^ Ap given by 
geodesic retraction; canonical trivializing sections are given by quotients of Ap(R)- 
orbits. The metric on Ap decomposes under a canonical trivialization into the sum 
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of an invariant metric on and the locally symmetric metric on Xp. Given a reg¬ 
ular representations Ep of Lp, let Ep = (iVp(R)\_D) Xri,^ Ep be the corresponding 
flat bundle on Zp; alternatively Ep is the pullback of Ep on Xp. The admissible in¬ 
ner product on Ep induces a metric on Ep by the formula \{rKpAp, p)| = \a{r~^)v\ 
for all r G Mp(R)Glp; note that this is not the pullback of the metric on Ep unless 
Ap acts trivially. 

12.2. DifFeomorphisms of X into X. By §1.3 we may identify D with ^p x ep 
such that the °P(]R)-orbit of the fixed basepoint x is identified with {1} x ep. This 
induces identifications T p\D = ^p x Yp and Zp = Alp x Xp. 

By [43, Theorem 6.1]^ there exists a family (depending on t G A'^ sufficiently 
dominant) of T-equivariant piecewise-analytic diffeomorphisms 

St '■ D —> Dt C D , 

such that Xt = T\Dt C L) is a compact subdomain with corners. For all® P G T 
each diffeomorphism st satisfies: 

(12.2.1) ep > ept = St{ep) is IVp (]R)-equivariant 
and 

(12.2.2) ep^t C {tp} X ep 

(where tp G Alp is the image of t under the canonical projection A'^ = Ap x Al-^ ^ 
Ap). We obtain an induced diffeomorphism 

X ^ Xt = r\Pt c X . 

12.3. We can describe Xt Q X more precisely by using a cylindrical cover of X. 
Given sp G Alp and t G A^, set 

A${sp) = {a€ A%\a°‘ > Sp for all a G Ap }, and 

{Ap)t = { a G Alp I for all P G Ap }. 

For Op C Yp open, relatively compact, and 7Vp(R)-invariant, let Wp = Alp(sp) x 
Op C Alp X Yp = F p\D be the associated cylindrical set. We always assume that 
Sp is sufficiently dominant (depending on Op) so that lYp may be identified with 
its image in A = F\P. For appropriate sp and Op we obtain a cylindrical cover 
{fYpjpgoJ of A. Given any cylindrical cover {lYp}, the intersections AtHlYp form 
a cover of At; for t sufficiently dominant one can prove [43, Theorem 5.7] that 
At n lYp 7 ^ 0 and that 

(12.3.1) At n lYp = {{A$)t X Yp) n lYp . 

^In fact [43] constructs a disjoint decomposition of D (indexed by parabolic Q-subgroups) 
called a tiling of which Dt is the central tile corresponding to G; see in particular Definition 2.1, 
Theorem 5.7, and Theorem 6.1. Note the differences in notation: in [43], X refers to the symmetric 
space itself rather than its arithmetic quotient. More significantly, in [43] Xp denotes the piece 
of the tiling corresponding to P, as opposed to a stratum of X as in the current paper. 

^Actually equation (12.2.2) is only valid for P belonging to a fixed set of representatives of P- 
conjugacy classes of parabolic Q-subgroups; we will assume such representatives have been chosen. 
For other P one has ep^t C {tpbp} x ep where bp G Ap is a certain parameter needed to make 
the construction P-invariant; this is because 7 G P may move the fixed basepoint x. See [43, §2], 
particularly §§2.6, 2.7. 
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We set Wp,t = Xi n Wp. 

12.4. The diffeomorphism X ^ Xt induces diffeomorphisms Yp ^ Yp^t = 
r p\ep^t C r p\D of the boundary faces. For each P this diffeomorphism descends 
by (12.2.1) to 

(12.4.1) Xp ^ Xp^t C Zp , 

where Xp^t is formed from Yp^t by collapsing the 7Vp(]R)'-fibers of the nilmanifold 
fibration. We set 

Xt = Y[Xp^t 

p 

and equip it with the topology so that (12.4.1) induces a homeomorphism X ^ Xf. 
The closure of Xp^t will be denoted Xp^t- 

The locally symmetric metric on Zp = Ap x Xp induces on each stratum Xp -t 
of Xt a metric which extends smoothly to its Borel-Serre compactification Xp^f 
Given a regular representation Ep of Lp there is a natural isomorphism of flat 
bundles 

Ep —> Ep,t = Epjjfp j 

over the diffeomorphism (12.4.1). As in §12.1, the choice of an admissible inner 
product on Ep induces a metric on Ep, and hence a metric on Ep^* that also 
extends smoothly over Xp^f 


12.5. Let A4 = {E., /..) be an L-module on X. In §4 we constructed an incarnation 
of the realization using special differential forms; this was a complex of fine 
sheaves on X. The cohomology H{X;Ai) is the cohomology of the global sections 
of A^{M). 

We now consider an alternate incarnation and realization which is a complex of 
sheaves on Xt instead of X. Namely we set Ap{Ep) = Asp{Xp^t',^p,t) instead of 
Asp(Arp;Ep) and let A^^ be the corresponding realization functor provided by (a 
generalization of) Theorem 4.1. If 17 C Aj is a domain define H{U\JA) to be the 
cohomology of global sections of A^^{M)\u■ For U = Xt, clearly 

H{X-M)=H{Xt,M) . 

Explicitly for U C Xt the cohomology H{U;A4) is the cohomology of the com¬ 
plex 


(12.5.1) 


A,p([/;M) = 0 Asp{u n Xp^t', Ep,*)) 

p 

d = '^dp + ^ dpQ, 
p P<Q 


where dp is the differential on Asp{U n Xp^t',^p,t) and dpq is defined by 
dpgiujq) = Asp{U Xpy, f pq o hpQ){ujQ\jj^^^^^). 

For uj = (wq)^ G Asp{U;M) define the weighted norm 
(12.5.2) = 

Q 
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where the norms on the right-hand side are as in §§11.3 and 11.9, 

(12.5.3) II^qIIq ,6 = ^ II^Qlc/nXp,t ll^nxp.t ■ 

P<Q 

We let t~P denote the family of weights and let 

L2{U;M,t-P) = 0 n Ep,t, 

p 

denote the Hilbert space completions of Asp{U;M) and Asp{U nXp_t;Ep^t) under 
the norms (12.5.2) and (12.5.3). 

For each P the closed unbounded operator dpp^pt b t-fp §§11-3 and 11.9 is 

defined on L 2 m{U nXp^t] Ep,t, t”'’®) and has cohomology H(^ 2 ),biUriXp^t',^p,t,t~^^)- 
On the other hand, let dp.j^^t-p be the unbounded operator on L 2 {U] 
corresponding to the subcomplex of (12.5.1) consisting of uj such that oj, duj G 
L 2 {U; A4, t~ and denote its graph norm closure by c? = cIm = c?£/;A 4 ,t-p- The 
cohomology of Dom dp.j^ t-p is by definition the -cohomology of M. over U with 
weights t~P and is denoted H( 2 ) {U;A4,t~^)- la order to relate these L^-cohomology 
groups we need the 

12.6. Lemma. The operators dpQ are bounded with respect to (12.5.2) indepen¬ 
dently oft. 

Proof. There are bounds independent of t for both the restriction map and fpq: 
the first since IHIq,;) incorporates the L^-norm of boundary values, and the second 
since it is induced by a map of Lp-modules with admissible inner product. As for 
hpQ, recall from the proof of Lemma 4.7 that this acts on the coefficients via the 
composition 

Ai„v(l^^(R)';EQ,t) ^C(n?;F;Q), ^H(n^;F;Q) . 

The second map here is induced from a map of L p-modules so it remains to consider 
hx at a point z S U <1 Xp^f Let Yp^ denote the Borel-Serre boundary stratum of 
Xq^t associated to P and let p: Yp^ Xp^t denote the nilmanifold fibration with 
typical fiber iN'p(]R)'. The map hx is induced by the Tpp-morphism which transfers 
an invariant form on iN'p(]R)' to one on 7V^(R)' via n(, (see §1.4) and then takes its 
value at the identity, li f) G Ai„v(iN'p(K)'; EQ^t)^ is an invariant form on p~^{z), 
then the pointwise norm I'lpyl is independent of y G p~^{z) and thus 

IV’P = / li’vl^dy = Vol(p"^(z))|i/>yj 2 = Xo\{p-^{z))\hx{f^)\^. 

Jp-Hz) 

This implies \hx\'^ = Vol(p“^(z))“^ = Vol(A'p (K)')”^ and hence ||/ipq||? is 
bounded independently of t. □ 

12.7. Corollary. There is a decomposition {as vector spaces, not as complexes) 

Y>OTadu-M,t-^ = ^^OTa.dppxp,,,b,t-pp 

p 

and a strict operator equality 

du-,M,t-e “ '^(7nXp,t,b,t-pp T dpq . 
p p<q 



48 


LESLIE SAFER 


For U = X we have the 

12.8. Corollary. H{Xt]M) ^ H( 2 ){XuM,t-P). 

Proof. Filter both (12.5.1) and Domdu-M.t-p by #Ap < p and compare the result¬ 
ing spectral sequences; they are isomorphic at Ei by (11.1.1) and Lemma 11.5. □ 

12.9. Define 

Hl{U ; A4, t~P) = {uj € Dom(i[/._A 4 t-p n Domdp.^ suppw compact 

\\Mt + \\d*u;ft<eMU ■ 

For U = X we have as in Proposition 11.8 

Proposition. Hl{X; M,t~P) = 0 for some e > 0 if and only if M,t~P) = 

0 and [X] is Hausdorff. 

Actually iL( 2 )(-A; is finite-dimensional so the Hausdorff condition above 

is vacuous. However the proposition also applies in an different context which we 
will now introduce and where finite-dimensionality is not assured. 

12.10. C-modules on (Ap)i x Xp. The space {Ap)t x Xp C Zp is a manifold 
with corners with strata indexed by the parabolic Q-subgroups Q > P. Explicitly 
the Q-stratum is {Ap)f x Xp where 

{Ap)f = {a € Ap \ <td for all f) € Ap \ Aq, for all f) € Aq } . 

We may extend the theory of C-modules and their realizations to such spaces. In 
fact the theory becomes much simpler—an C-module Xi' = [E'., /.'.) on {A'^)t x Xp 
consists of a family {Eq)q>p of graded regular representations of the same group 

Lp and degree 1 morphisms /gp: Ep Eq. (Since the space has homotopically 

trivial links the functor H{n^] •) is replaced throughout by the identity functor.) 
Furthermore special differential forms are no longer needed for the realization. 

The strata and the locally constant sheaves associated to Eq are metrized as in 
§12.4 by restricting the locally symmetric metrics on Zp and Eg. We will be consid¬ 
ering the L^-space L 2 {{Ap)t x Xp;M') (without weights) and the corresponding 
L^-cohomology. Since {Ap)t x Xp is a complete metric space the analogue of 
Proposition 12.9 holds in this context. 

13. Analytic Lemmas 

The goal of this section is Proposition 13.5, a vanishing criterion for H^{X; Ai) 
in terms of certain L^-cohomology groups of (Ap)i x Xp for all P G T. In view 
of Proposition 12.9 this is accomplished by presenting a sequence of lemmas that 
reduce the vanishing of Hl{X; As we proceed, the parameter t will have 

to be made successively more dominant. 

13.1. Given a cylindrical cover {Wp} assume t is sufficiently dominant so that 
(12.3.1) holds. Each boundary stratum Yg^t H Wp^t of Wp^t for Q > P is part 
of a nilmanifold fibration with fibers Ag(]R)'; let Wp^t C Xt denote the result 
of collapsing these fibers. We have the following spectral analogue of the Mayer- 
Vietoris sequence: 
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Lemma. Given e > 0 there exists e' > Q and a cylindrical cover {Wp} of X 
such that for all t sufficiently dominant, = 0 for all P implies 

WAXuM,t-P)=0. 

Proof. For every c > 0 (to be chosen below) there exists [47, Prop. 2.1] a cylindrical 
cover {Wp} possessing a partition of unity {lyp} such that \drip\ < c. (It is easy 
to eliminate the neatness hypothesis.) Examination of the construction shows that 
for P < Q the function rjp is iVQ(R)-invariant on Wp \ Up'^q^p'- But since 
Wp n Yq^i is empty unless for P < Q by (12.2.2) and (12.3.1), this implies that 
? 7 p|yq j is A^Q(IR)-invariant for any P and Q. Thus we may pushdown to obtain a 
partition of unity {iyp} for the covering {IFp,t} of Xt. Now for lo S {Xt; M,t~P) 
(with e' > 0 to be chosen below) one may estimate (compare [47, Prop. 1.4]): 

+ \\d*{flP^)\\t < ‘^iWvpMlt + \\'npd*u}\\t + \\dfipAuj\\t + WdijpJujft) 

< 2(||(ia;||j + ||d uj\\f +2c^||w||f) 

<2(c' + 2c2)||cu||? 

< 2(#T)^(e' + 2c2)max||7)pu;||? < emax ||r 7 pw||?, 

IX IX 

where for the last line we choose c > 0 and 0 small. Thus if P realizes the 
maximum on the last line we have fjpuj G HlfWp^t] M.,t~^)- Since u 0 implies 
fipU! 7 ^ 0 for this P, the lemma is proved. □ 

13.2. Now assume that ITp is a cylindrical set for a hxed P and that t is sufficiently 
dominant so that (12.3.1) holds. Let Op be the image of flp under the nilmanifold 
fibration Yp ^ Xp. Each boundary stratum Xg^t H ITp,t of ITpy for Q > P is part 
of a nilmanifold fibration with hbers N'p(]R)'; let 

IFp,t —^ ((4lp)t n Alp(sp)) X Op C {A^)t X Xp 

be the projection obtained by collapsing these hbers. 

Dehne a pushforward L-module p*A4 = (Eff!,) on {Ap)t x Xp C Zp in the 
sense of §12.10 by Eq = i7(np; Eq) and /gp = H{n^; fgp) and set p*A4 0 Cpp = 

{El OCpp,/.'. (8)idcpp). 

Lemma. Given e > 0 and a cylindrical set Wp there exists e' > 0 and an injective 
map 

ni,{Wpy,M,t-P) Ki{A$)t X Xp;p,M0Cp^) 

for all t sufficiently dominant. 

Proof. For Q > P let pg* be the operator on P 2 (-^Q,i H Wp^t',^Q,t,t~^^) which 
orthogonally projects onto Np (]R)-invariant and np-harmonic forms. Zucker [56, 
(4.24)] shows there is a homotopy formula 

(13.2.1) dgllg + PfgdQ = I — PQt: 

with Hq and pg* bounded in the norm; both [[PqIIq and ||pq*||q are indepen¬ 
dent of t (though dependent on Wp). In fact since the boundary faces of -^Q,tnlFp_t 
contain full Np (]R)-hbers, the result holds for the || j|Q,6 norm and we obtain a ho¬ 
motopy formula for dg f, ^-pq . 
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We need the compatibility conditions 

(13.2.2) PQ*dQR = dQRPfi^: and HqcIqr = —dQRHR 

(the sign is due to the fact that dga is degree 1 in the coefficients). To see that this 
can be arranged, note that Zucker’s construction for Hq depends on the choice of 
a central series defined over Q, 

1 = C C ■■■ C = N^(R), 

and unit Q-root vectors S which satisfy + R • Z^. Choose such 

a central series and root vectors for 7Vp(]R) (the case Q = G) and use the induced 
data for each Np (R). (Some of the vectors Z^ will now be zero but those stages in 
the series may be omitted.) One may now verify from the description in [56, §4(c)] 
that (13.2.2) holds. 

By summing (13.2.1) over Q > P we obtain 

(13.2.3) dMH + HdM = I - P*, 

where H = dlQi P* = ^q>pPQ*j and the dga terms vanish due to (13.2.2). 

Now for to e calculate: 

\\du;\\t + 0^\\t<^'Mt 

<e'i\\pM\t + \\iI-P*Mt) 

<e'b.a;||? + 2e'l|iIl|?-(||da;||? + ||Ta;||?); 

the final line uses (13.2.3)—see [47, Prop. 1.6]. This estimate shows that p* is in¬ 
jective on Hp provided we choose e' > 0 so that (say) 2e'l|iJ||( < 1/2. Furthermore 
in this case the last term may be absorbed into the left-hand side and we obtain 

+ \\d*pMt < \\p4t ■ iWMlt + \\d*u;\\t) < 2e'||p.||? • \\pMl 

This shows that p* takes TLp into TLl provided we choose e' > 0 so that 2e'||pH<||/ < e. 
Since |!i7||t and ||p*||t are bounded uniformly in t, e' > 0 may be chosen indepen¬ 
dently of t. 

To complete the proof, we embed p*(Dom(i_A/( t-p) into ^oindp,M«iCpp by ex¬ 
tending an invariant compactly supported form by zero and applying Lemma 4.7 
to the coefficients; we also need to choose a flat trivializing section of the bundle 
associated to Cpp. To see that this is an isometry, note that the norm integrand 
for the Q summand of p*(Domc?^ ^-p) involves whereas for Dom cip^_A 4 ®Cpp 

the coefficient system Cpp contributes . 

The discrepancy is canceled by the map Ainv(N'p(]R)'; Eg^t) C{np; Eq)x which 
multiplies norm squared by (see the proof of Lemma 12.6). □ 

13.3. The isotypical decomposition of a regular Lp-module induces a decomposi¬ 
tion of L-modules 

p*A4 = ^^(p*A4)y 
y 

where V ranges over irreducible regular Lp-modules. 

Lemma. For any e > 0 and any t, the vanishing x Xp;p*A4 CsCpp) = 0 

is equivalent to the vanishing conditions 

X Xp; {p^M)v ® Cpp) = 0, for all V. 
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Proof. If w = ^yivv S 'Hl{{Ap)t x Xp;p^:M ^ Cpp) is nonzero, then for at least 
one V, ujv ^ 0 and uy G Hl{{Ap)t x Xp] {p^M)v <8)Cpp). For otherwise we could 
sum the estimates ||(ia;y|p + ||d wy|p > e||wy|p and obtain a contradiction. The 
converse is obvious. □ 


13.4. Lemma. The vanishing condition Hl{{Ap)t x Xp; {p^,M)v <8)Cpp) = 0 zs 
independent oft. 

Proof. Let ■ {Ap)i x Xp {Ap)t X Xp be the diffeomorphism given by the left 
action of fp. Although is an isometry, the natural isomorphism of coefficient 
systems (Eg ;^)ui8>Cpp ^ 'I'j((Eq Jy (g)Cpp) multiplies norm by t“(5v+pp)^ where 
fv is the character by which Sp acts on V. Thus the norm of a form depends on t 
only via a scaling factor independent of Q. This implies that d 41^ = '^^d and that 
the scaling factor may be canceled from all terms of the estimate ||(ia;p + [|c? w|p < 
e||u;f. □ 


Remark. This lemma would not hold if we had not included the weight factors in 
(12.5.2). 

13.5. We finally arrive at the following vanishing criterion for the cohomology of 
an L-module. 


Proposition. Let A4 be an L-module on X. Assume 

HL)i{^p)i X Xp; (p^M)v <8) Cpp) = 0 , and 
(13.5.1) ’ p 

((Ap)i X Ap; {p^M)v <8)Cpp) is Hausdorff. 

for all parabolic Q-subgroups P and V G 3rr(Lp). Then H^{X;M) = 0. 

Proof. By Corollary 12.8 and Proposition 12.9 it suffices to show Tl\{X; At, t~P) = 0 
for some e > 0. For this vanishing it suffices by Lemmas 13.1-13.4 to show there 
exists e > 0 such that 


K{{A$)i X Ap; {p,M)v ® Cpp) = 0 

for all P and V. However by Proposition 12.9 again (see §12.10) this is implied by 
(13.5.1). □ 


14. Vanishing Theorem for L^-cohomology 

In the course of verifying (13.5.1) we will need to apply the following vanishing 
theorem to the ordinary global L^-cohomology iL( 2 )(Ap;V). The heart of the 
theorem is a calculation originally due to Raghunathan [37], [38] . The theorem was 
proven in [47] but since it was not stated explicitly in this form we sketch the proof 
in this section. 

14.1. Theorem. Let X = r\G(K.)/AA(3 be the locally symmetric space associated 
to an arithmetic subgroup T of a reductive algebraic group G defined over Q. Let 
E be an irreducible regular representation of G and let E be the associated locally 
constant sheaf on A. Endow X with a locally symmetric Riemannian metric and 
let E have a metric induced from an admissible inner product on E. 


(i) If{E\oG)* ^ E\og, then 77(2)(A;E) = 0. 
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(ii) IfiEloa)* ^ E\og, then = 0 for 

i [(dim!) — dimZ?(i?))/ 2 , (diniD + dim_D(i!^))/ 2 ] , 

where dim D{E) is defined in §10.2. Furthermore, ** Haus- 

dorff {and hence representable by harmonic forms) for i = (dimU — 
dimD{E))/2. 

Sketch of Proof (compare [47, §§8-10]). We will determine a sufficient condition on 
a degree i so that the estimate 

(14.1.1) \\du;r + \\d*u;r>e\\u;r 

holds for all oj € A® (X; E) and some e > 0. Since X is complete and without bound¬ 
ary, Proposition 11.2 shows that this estimate for a given i implies 77 ( 2 ) ~ 

and {X ; E) is Hausdorff. 

Let K C G(R) be a maximal compact subgroup with associated Cartan involu¬ 
tion 9 and Cartan decomposition g = 6 -Pp 4- ag. Let cti denote the coadjoint action 
of tc on A Pc ^”2 denote the action of gc on E. Since X = r\(°G(]R))°/7ir°, 

the complex 7lc(X;E) may as usual be isometrically identified with the complex 
[13, I, §§1.2, 5.1, VII, §2.7], [34, §4] 

I C(%,t,E 0 A°(r\(^G(R))°))^Homfi/\p,E 0 A^jr\(°G(R))^)) , 

\ d = J2<^k)(^2(Xk)+Xk), 

k 

where {V^,} denotes an orthonormal basis of p, acting on yl[l(r\(°G(R))°) via dif¬ 
ferentiation by the corresponding left-invariant vector field, and e(Xk) denotes ex¬ 
terior multiplication by the corresponding element of the dual basis. Note that the 
operator d extends to the larger space APc ® ® 2 l[l(r\(°G(R))°) (without the 

6 -invariance condition) though it is no longer a differential here. 

Integration by parts and some multi-linear algebra allow one to extract 0-order 
terms and estimate that 

(14.1.2) \\du}f + \\d*u;f > {AoU},u}) > 0 
[47, Props. 9.2 and 9.4] for a certain operator Aq. Explicitly 

(14.1.3) Ao = (T 2 (G) - icr 2 (G{) + icri(Ge) - i(cri O <T 2 )(Gt) , 

where G (resp. G{) denotes the Casimir operator of °g (resp. 6 ). In fact Aq is 
induced from the algebraic Laplacian on G(°g, 6 ; E) = Hom{(A P) £-) ^ A Pc ® 

We now need some more notation. Let p = Pg + cig = fac.t + pG.p + ciG be a funda¬ 
mental 0-stable Cartan subalgebra of g. Fix a positive system = 4>+(6c, pG,tc) 
of roots for tc £^nd consider any 0 -stable positive system $+ = 4>+(gc,pc) com¬ 
patible with <1)^ (A specihc choice will be made below.) Let <l>+(pc, Pg.jc) denote 
the positive nonzero weights of Pg.jc in Pc> counted with multiplicity. (A weight is 
“positive” here if it is the restriction to pG.e of a positive root [47, 10.1].) Clearly 

(14.1.4) dimH = 2 ■ #$+(pc, bG.tc) + dimpG.p • 

Let A be the highest weight of E and recall the reductive Lie subgroup G(A) C G 
defined in § 10.1 with positive roots 4)+(g(A)c, pc) = {76 4)+ | 7 A A}; define 
^^(p(A)c, pG.tc) = { a G 4>+(pc, pG.tc) I a A A } similarly. Note that if Ale^.p = 0 
(so that G(A) is defined over K as in § 10 . 2 ) then 4)+(p(A)c, pG.tc) is indeed the set 
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of positive bG.tc-weights of the split part in the Cartan decomposition of g(A). In 
this case 

(14.1.5) dimD(A) = 2 • #<i)+(p(A)c, bc.ec) + dim bc.p • 

Equation (14.1.3) shows that for any fixed irreducible submodule i? of cti 0cr 2 |{, 
Aq acts as a certain scalar on all forms in i? (g) ^°(r\(°G(M))°)). We need to 
determine when this scalar can be zero. It suffices to assume i? C Si ^ S 2 , where 

51 is an irreducible submodule of ai with pure degree i and highest weight vi , and 

5 2 is an irreducible submodule of (T 2 |{ with highest weight U 2 - From the usual basis 
of weight vectors for /\* pj we see that vi may be expressed as X]aeA+ 

where A~^, A~ C <I>+(pc, bc^c) and 

(14.1.6) #v4+ -I- #24“ < i < # 2 l+ -I- #^4“ -I- dim bc.p • 

Choose $+ now so that 1^2 (extended by zero on bc^p) is dominant. A calculation 
[47, Prop. 10.2] using the well-known expression in terms of highest weights for the 
value of the Casimir operator acting on an irreducible representation shows that 
Aq is zero on R precisely when 

(1) the highest weight of i? is -f U 2 , 

(2) A |[,(3 = V 2 (where U 2 has been extended to be zero on bc.p), and 

(3) (4)+(pc, bc.tc) \ A+), A~ C 4>+(p(A)c, bcAc)- 

If Aq acts as a nonzero scalar for all R with a fixed i then (14.1.2) will yield 
(14.1.1) and so = 0. So if # 0 conditions (l)-(3) must hold 

for some R. Condition (2) implies t(A|p( 3 ) = Ajp,, (since r = 0 for a fundamental 
Cartan subalgebra and 6*-stable positive system) and thus part (i) of the theorem 
follows from §8.2. Condition (3) allows one to estimate the possible maximum and 
minimums values of #A^; inserting these into (14.1.6) yields that 

(14.1.7) #4)+(pc, bc.tc) - #4>'*“(p(A)c, bc^c) < * < 

#<l>+(pc, bcAc) + #4>^(p(A)c, bcAc) + dim bc.p • 

This is equivalent to the degree range in part (ii) by applying (14.1.4) and (14.1.5) 
and taking the maximum over □ 

15. Proof of Theorem 10.4 
By Proposition 13.5 we need to show for all P and V that 
(15.0.8) i7(2)((^p)i X Ap;(p*M)ygCpp) =0 ior i i [c{M), d{M)] 

and in addition 

(15.0.9) H^^^\{Ap)i X Xp; {p^M)v C) Cpp) is Hausdorff. 

We may write the complex C which computes (15.0.8) as 
(15.0.10) 

G = ^ Domdp,h(8)Hompp(P,i7(np;Ep)) , 

R>P 

dc=J2 dp.6 ® (-1)'^"®’'“ + E *p*®Hompp(l/,i7(n^';/pp0) , 

R>P R'>R>P 

where dp^b = d(^A^}ixXp,b,Y 0 Cpp ^^.d ip *: Domdp/^b ^ Domdp^h restricts a form 
to the smaller stratum. 
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Let P' > P he the parabolic Q-subgroup with type Ap = {a S Ap | + 

p,a^) = 0 } and set S = {P,P'). Then any R with P < R belongs to [P, 5] for a 
unique P G [P, P'] and S = PW S: 


G 



P 


(Compare (3.7.3).) For each such P let C{P) be the subquotient complex obtained 
by restricting the sum in (15.0.10) to be over those R G [P, S]. It suffices to prove 
the vanishing and Hausdorff assertions of (15.0.8) and (15.0.9) for each complex 
C{P). (Compare the Fary spectral sequence from Lemma 3.7.) 

Filter the double complex C{P) by the degree of the second factor in (15.0.10); 
the associated spectral sequence has 

(15.0.11) = 0 ^f 2 )((^?)i X Xp;V®Cp^) ®Hom)-/(C,i7(nP;F;p)). 

Re[P,s] 

Note that we may use ordinary L^-cohomology here as opposed to L^-cohomology 
with boundary values in view of Lemma 11.5. 

For a G Ap, let Ap denote the one-parameter subgroup corresponding to 
. We have a factorization (Ap)i = naeA^(^p)i! Zucker’s 

Kiinneth theorem [56, (2.34)] may be applied to correspondingly factor out the 
L^-cohomology of (Ap)i in (15.0.11) provided it is Hausdorff. To calculate the 
result write + P = '^aeApi^v + Pi o:'^)Pa and recall that 

fO if {^v + P,o^) > 0, 

^(2)((^p)i;'^(?v+P.a''>/3<,) - S M[-l\ if {^v + P,0^) = 0, 

[c if (^y+p,aX) < 0 , 

where M is an infinite dimensional non-Hausdorff space [41, Prop. 3.2], [56, (2.37)- 
(2.40)]. Thus let Qv < S have type Ap'^ = {a G Ap j (^y -I- p,a'^) < 0} as in 
§7.2 and set Q = P V Qv- We find that 

= i7f2)((A^)i X Ap; ® V) ® f 0 Rou^LpiV, P(nf; En))\ . 

^Pe[P.Q] ^ 

The advantage of this expression is that the differentials in the spectral sequence 
act only on the final factor. These differentials are induced by i7(np;/pp/) for 
P < R< R' <Q and so from the definitions in §3.4 we see that H'^{C{P)) equals 

(15.0.12) 0i7fc)((4l?)i X Ap;Cj-i ^RomLp{V, . 

k 

By the L^-Kiinneth theorem this would be isomorphic to 

(15.0.13) 0 Pf2y(A|)i)®i7f2y^p;V)®Homi.,(H,P*-'=^-'==(zJ,Zp,zy;jA4)) ; 

k\,k2 
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if at least one of the first two L^-cohomology factors were finite-dimensional in all 
degrees, however we cannot assume this. Instead note that by the technique in [56, 
(2.29)-(2.34)] one can show that if each factor of (15.0.13) vanishes outside a certain 
interval of degrees, then (15.0.12) vanishes outside the sum of the intervals. The 
first factor is 0 outside [0, dim ap], the vanishing interval of the second factor is given 
by Theorem 14.1, and the third factor vanishes outside [c 2 {V,P]M.),d 2 {V,P]M)\ 
by definition (see Proposition 9.2). Thus by Proposition 10.6 we have vanishing for 
i ^ [c 2 {M.), d2{M.)] = [c{M),d{M)\ which proves (15.0.8). 

Finally consider (15.0.9). If P = P this follows from the final assertion of 
Theorem 14.1. If P P then H^^s^{{Ap)i) vanishes in degree 0 (and is non- 

Hausdorff for 1 < ki < dimap [56, (4.51)]) and thus (15.0.12) vanishes in degree 
c(A4) as well. □ 


Part III. Micro-support Calculations 
16. Micro-support of Weighted Cohomology 


16.1. Fix a weight profile rj. For V an irreducible Pp-module, let Ty > P have 
type® 

{a e Ap \ {^v - VP, Pa) < 0 } . 

relative to P. Note that Ty = P if and only if & Vp + ~'"flp* and Ty = G if and 
only if S r/p — int(+ap*). 


Lemma. Let V be an irreducible Lp-module occurring in H(i*pW^C(E)). Then V 
has the form P)^, for some w &Wp. Furthermore, the natural morphism 

yV^C{E) iG*E induces 


H(i*pW'^C{E))v ^ 


tfTf>=P, 

otherwise. 


Proof. Apply Proposition 6.4. 


□ 


16.2. Proposition. Let V be an irreducible Lp-module occurring in H {z*pfQW^CiE)) 
for P < Q. Then V has the form P^^™^(np; P)iu for some w € Wp. Furthermore, 


H{iUQW^C{E))v - 


V[-e{w)-#AQ] ifQ = {P,Tf^), 


0 


otherwise. 


Proof. Assume first that Ty = P. Then we claim that H{i*prQ'V\L^C{E))v = 
H{i*pVQiG*E)v from which proposition follows immediately. To prove the claim, 
consider the commutative diagram 


■ P*(zJ,ZQ>V’'C(P))y ^ H\i*pW'^C{E))v W{iyjQ.3QW'^C{E))v 


■ ■ ■ -> (i*piQiG*E)v -S- H\i*piG*E)v -^ H''{i*pJQ*TQiG*E)v -> ''' 

in which both rows are long exact sequences (obtained from (3.6.4) by setting 
Q' = G and then taking M-isotypical components). The middle vertical arrow is an 


®This type corresponds to what in [25] would be denoted Ir,(^v)- 
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isomorphism by Lemma 16.1. To show the right-hand vertical arrow is an isomor¬ 
phism, consider the corresponding map on the Mayer-Vietoris spectral sequences 
from Lemma 3.7. For H{ipjQ^jQW^C{E))v we have 

(16.2.1) = 0 H{nP-H{i*pW^C{E)))v . 

P<P<(P,Q) 

#AP=p+1 

The P-term can be rewritten H{np;EI{i*p,W^C{E))y)v for an irreducible Lp- 
module V satisfying (see §0.10.22). By Lemma 16.1 this is isomorphic 

to the corresponding term in Ei for H(i*pjQ^:jQio*E)v provided that = P. But 
this holds since T? = Ty V P. The claim then follows from the 5-lemma. 

In the case that Ty > P, Lemma 16.1 shows that E[(i*pW'^C{E))v = 0 and 
hence H{i*piQW^C{E))v = E[{ipjQ^,jQW^C{E))v[—^]■ It also shows that the 
sum in (16.2.1) yields one copy of V[—t{w)] for each P G [Ty,(P, Q)]- The dif¬ 
ferential between two such copies of V[—l{w)] for adjacent P will be an isomor¬ 
phism by comparison with the spectral sequence for El(i*pjQitjQio*E)v■ Conse¬ 
quently H{i*pjQ^:j*QW^C{E))v = 0 unless Ty = {P,Q), in which case we obtain 
V[-£i w) — #Aq -I- 1]. This proves the proposition. □ 


16.3. Let r] be one of the two middle weight profiles: 

upper middle: pL = —p -\- ep , 
lower middle: v = —p . 


Here e > 0 is chosen sufficiently small such that epn < xr for all P G IP maximal, 
where XR is a positive generator for X{Sp). 


Theorem. Let E be an irredueible regular G-module and let p be a middle weight 
profile. The weak miero-support SStu(W’'C(P)) eonsists of those irredueible Lp- 
modules V sueh that 


(i) V = P)u, with w G Wp, and 

(ii) + d)lag = 0- 


For such V we have 

c{V]M)=d{V]M) 


£{w) -b Ap 
£{w) 


'ifv = E, 

ifp = p. 


The micro-support SS(VV''C(P)) consists of those V G SStu(>V''C(P)) such that 

(iii) V\mp is conjugate self-eontragredient; 

in this case w from (i) is fundamental. The micro-support is nonempty if and only 
if E\oc is eonjugate self-contragredient; in this case SSess(VV''C(P)) = {E}. 


Proof of Theorem 16.3. By Proposition 16.2, an irreducible Lp-module V is in 
SS(W''C(P)) if and only if (i) and 

(ii)' (P,r(') G [Qv,Q'v] 

hold. Assume that p = v = —p. Then Condition (ii)' is equivalent to 

(ii)” {^v+P,cP)<G ^ {fv + P,0^) =b (Ce+P, a^)<0 
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for all a G Ap. For R> P define 
(ap)p = inta;^+ - 

= { C G cip I (C.7^) > 0 for 7 G Ap, and 

(C,/3D<0foraGAf}. 

By Langlands’s “geometric lemmas” [13, IV,§ 6 .11] these sets form a disjoint de¬ 
composition of a*p, so 

(16.3.1) Cu+PpG-(ap)p 

for a unique R> P. Now for any a G Ap \ Ap, write a'^ = a'^ + a'^^ = 7 ^ 
where 7 = ap G Ap. Since G —ttp'*', we see from (16.3.1) that {^v+P, < 0- 

Thus by the first implication of (ii)", (^u + p)p G which contradicts (16.3.1). 
Consequently we have R = G, ^v + P & ^^p) and G = (P, Ty ). But then the second 
implication of (ii)" implies + p G —ap*" and thus (ii) must hold. Conversely if 
(ii) holds, then (ii)" is automatic. The fact that c{V;M) = d{V]M) = £{w) comes 
from Proposition 16.2. 

The case of ry = ^ is similar except that (ii)" is replaced by 
(ii)"' (Cu+P,Q ;^)<0 =7 (Cu+P:/3a)>0 ^ (?u+P,a '^)<0 

and we consider the disjoint decomposition of ap given by 

((ap))p = ap+ - int+ap* 

= { C G ttp I (C, 7 ^) > 0 for 7 G Ap, and 

(C./^f'") < 0 for a G Af} 

for all R> P. We find that (ii)"' is equivalent to (ii) and that in this case +pp G 
-((a^))p withP = P = r". 

The assertion that w is fundamental for V G SS(>V"C(P)) follows from (ii) 
and (iii) by Lemma 8 . 8 . For the final assertion, note that we can rephrase our 
result as V G SS(yV’"C(P)) if and only if V Po E and V|mp is conjugate self- 
contragredient. By Lemma 9.1 the existence of such a V implies E\oq is conjugate 
self-contragredient. Also note that if V G SSess(W"C(P)) then Qy = Q'y by 
Proposition 16.2 and therefore (^y + p,a^) 7 ^ 0 for all a G Ap. In view of (ii) we 
must have P = G and thus V = E. □ 


17. Micro-support of Intersection Cohomology 


In §§I7, 18, and 20, we consider a middle perversity p, either m{k) = \_^^\ or 
n{k)=[^\. 


17.1. Theorem. Assume the irreducible components of the Q-root system of G are 
of type An, Bn, Gn, BGn, orG 2 - Let E he an irreducible regular G-module and letp 
be a middle perversity. The micro-support SS(PpC(P)) consists of those irreducible 
Lp-modules V such that 


(i) V = iJ^(“'i(np; P)u, with w G IFp a fundamental Weyl element for P in 
G- 

for all a G Ap (if p = m), 

^ < 0 for all a G Ap {if p = n); 

(iii) V|mp is conjugate self-contragredient. 


(ii) {^v +P,a'^) ^ ^ ^ 
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For such a Lp-module V we have 
c{V;M) =diV;M) 


£{w) + Ap 
£{w) 


if p = m, 
ifp = n. 


The essential micro-support SSess{TpC{E)) consists of the maximal elements of 
SS{TpC{E)) under {see §9.1); this is equivalent to requiring strict inequalities in 
(ii). 


Unlike the case of weighted cohomology, the weak micro-support is not charac¬ 
terized by simply omitting (hi). 

17.2. Corollary. In the setting of Theorem 17.1 assume that E\oa is conjugate self- 
contragredient. Then SSess{TpC{E)) = {Ej with c{E;JpC{E)) = d{E]XpC{E)) = 0 
and {fv + p)\af = 0 /o’" oil V € SS(TpC(E)). 

17.3. In the remainder of this section we will reduce the theorem to a combinatorial 
vanishing result which will be proven in the following sections. 

Recall the “combinatorial” intersection cohomology Ip^H{U) (for U an open 
constructible subset of |Ap| or c(|Ap|)) defined in §5.5 which depends onw&W 
as well as p. We also consider the version with supports Ip^Hz{U) defined for 
Z constructible and relatively closed in U . This may be interpreted in terms of 
relative intersection cohomology: 

Ip^Hz{U)=Ip^HiU,U\Z) . 

17.4. Proposition. Let P < Q G ‘J’. Then 

Hiz*pi'QXpCiE))i^ 0 i7(np;U)„®4„i7,(I^Q|)(c(|Ap|)) . 

wGWp 

Proof. There is a long exact sequence (set Q' = G in (3.6.4)) 

... ^ Wii*piQXpC{E)) H^i*pXpC{E)) H^{i*pjQ,j*QXpC{E)) ^ . 

On the other hand there is a topological long exact sequence 

• • • ^ ^ Ip„H\c{\Ap\)) ^ 4„i7Xc(|Ap|) \c(|A«|)) ^ . 

We need to show that if the first term of the second sequence is tensored with 
i7(np;U)u, and then direct summed over w S lUp, then the result is isomorphic 
to the first term of the first sequence. This is true for the middle term by Propo¬ 
sition 5.5. It is also true for the last term: compare the Mayer-Vietoris sequences 
abutting to each and apply Proposition 5.5 again. One may check that these iso¬ 
morphisms are compatible with the maps in the long exact sequences. Application 
of the 5-Lemma concludes the proof. □ 


17.5. From the proposition it follows that if an irreducible Lp-module V occurs in 
SS{XpC{E)), then V = i7^(“’)(np; U)^, for some w G Wp, and this V will actually 
occur only if V\mp is conjugate self-contragredient and /p^7J^^I^Q|j(c(|Ap|) ^ 0 
for some Q G [QvjQ'y] (see §7.1). This condition on Q is equivalent to 

i^v + P, oA) <0 for Of G 4>(np; ap), 

(/e + P, > 0 for Of G ap). 


(17.5.1) 
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Thus we need to show Ip^H ,.^Q,Ac{\lS.p\) vanishes except for the cases in- 


c(|A^|)V 

dicated in Theorem 17.1; this is a combinatorial statement involving the data iiwp) 
for R > P. However our hypotheses give us information on V, or equivalently, its 
highest weight. Following an argument from [47], the simple basic lemma below 
will translate the weight information into combinatorial information; it is a gen¬ 
eralization of a result of Casselman [16, Prop. 2.6] in the real rank one case. A 
stronger result will be presented in §24. 

Let t) — bp + ap be a Cartan subalgebra of Ip and fix a positive system $+ of 
l)c) containing <I)(npc, ()c)- For a S <i>(np, ap), let Uq C np be the correspond¬ 
ing root space and write <l>(nQ,c 5 l)c) ={76 ‘1>+ ] 7 lap = ct}- For w € W, the con¬ 
tribution to attributable to a is (ic) = #(4>(nQ, f)c)n<l>u,). Note that £„(ic) = 
£a{wp) for a G 4>(np, ap). Also ifw eWp then i{w) = J2aG'S>{np,ap) 

Lemma. Let P be a parabolic Q-subgroup and let w G IFp. Let V = H^^^\np] E)^ 
for an irreducible G-module E and assume V\mp is conjugate self-contragredient. 
For any a G 4>(np, ap) we have: 

(i) (Cu + p, < 0 £a('U') > 5 dim riQ. 

(ii) {^v + P,o:'^) = 0 ^a(ic) = 5 dimriQ. 

(hi) (Cu+P, a ^)>0 (w) < i dim ria. 

Furthermore if j G $( 1 X 0 , l)c), then contains respectively (i) at least one, (ii) 
exactly one, (iii) at most one of j and Tpj. 

Proof. Let A G l}c be the highest weight of A; by Kostant’s theorem the highest 
weight of V is then w{X + p) — p and -I- p = w{X + p)\ap- 

Let 7 G 4>(na, (ic). Since R;(A-|-p) is regular and A is dominant, 7 G if and only 
if {w{X + p), 7 ^) < 0. Decompose bp = bp^ -I- bp,_i according to the eigenvalues 
of Tp; by §§8.2, 8.3 the hypothesis that V\mp is conjugate self-contragredient is 
equivalent to w{X + p)lt,p,_i = 0. On the other hand, q'^Jap = ca where c > 0. 
Thus 

(w(A-f p), 7 '^) = (r;(A- f p)lt,p,i, 7 '^) + c{w{X + p), a'^) . 

Replacing 7 by rp 7 in this equation negates the first term and leaves the second 
term unchanged, so {w{X + p),a^) < 0 implies {w{X + p), 7 ^) < 0 or {w{X + 
p),Tp"f'^) < 0. Thus either 7 or Tp 7 is in <!)„,. This proves (i) and the proof of (iii) 
is similar; (ii) follows from (i) and (iii). □ 

By (17.5.1) and the lemma we have 
£a{w) > 5 dimrio 
£a{w) < \ dimno 


(17.6.1) 


for a G ^(np; ap) 
for a G <l>(n^’'^ 


p ;<ip)- 


17.7. We begin with a special case of the vanishing theorem. The proof will appear 
in §18; the key point is that in the case Q = P or G the hypotheses (17.6.1) are 
preserved under passing by induction from P to R > P. 

Proposition. Let p be a middle perversity and let w G W. Let P < Q be parabolic 
subgroups so that (17.6.1) is satisfied. Also assume that Q = P or G. Then 




l\—ff/S.p] if Q = P, p = m, and £{wp) = 5 dimrip, 
if Q = G, p = n, and £{wp) = ^ dimrip, 
otherwise. 



60 


LESLIE SAFER 


17.8. For P < Q < G the analogue of (17.6.1) will no longer remain true when 

we pass by induction to R > P. Nor will H{nR-, necessarily be conjugate 

self-contragredient (for any E) so Lemma 17.6 will no longer apply directly. The 
following lemma yields an alternate hypothesis that is suitable for induction and is 
sufficient. 

Lemma. Assume the irreducible components of the Q-root system of G are of type 
An, Bn, Gn, BCn, or G 2 . Let P be a proper parabolic subgroup and let w G W. Let 
V = Lf^^'^^(np; E)w for an irreducible G-module E and assume V\mp is conjugate 
self-contragredient. Assume Q > P is a parabolic Q-subgroup such that (17.5.1) is 
satisfied. Then there exists T > P so that 

(17.8.1) 1 < #At <2 and 0 < #(At \ A^'"^) < 1 

and that 

(17.8.2) 

f-a{,w) > 5 dimUa for a G $(np; ap) such that a\ap G op), 

(-a{w) < jdimriQ /or a G $(np; ap) such that a\ap G $( 11 ^’*^^^; ap). 
Furthermore, if P < Q < G we can assume that 

(17.8.3) iiwr) 7 ^ ^dimnp when #Ap = 1. 

The lemma will be proved in §19. When P < Q < G this lemma provides the 
hypotheses for the following theorem: 

17.9. Theorem. Let p be a middle perversity and let w G W. Let P < Q be 
parabolic Q-subgroups and assume there exists T > P satisfying (17.8.1), (17.8.2), 
and (17.8.3). Then 

^PmB^l^\^Q^-^{c{\Ap\)) = 0 . 

The proof will appear in §20. 

17.10. Proof of Theorem 17.1. Note that the nonvanishing cases of Proposi¬ 
tion 17.7 are relevant only when Qy = P (for p = m) and Q'y = G (for p = n). 
Together with Theorem 17.9, this implies that an irreducible Lp-module V belongs 
to SS{IpC{E)) if and only if 

(i') V = i7^(“^(np; E)^, with w G Wp satisfying £{w) = ^ dimup; 
together with (iii) and (ii) of Theorem 17.1 hold. The last assertion of Lemma 17.6 
implies in this case that Tp interchanges <!>„, and <I)(npc, ()c) \in other words, w 
is a fundamental Weyl element for P in G by Lemma 8.6. Thus (i)<S=^(i') given (iii) 
and (ii). Such a V will lie in SSessiLipC{E)) furthermore if and only if Qy = Qy, 
that is, if and only if the inequalities in (ii) are all strict. This is equivalent to V 
being maximal in SS{TpC{E)) by Lemma 8.8. □ 

18. Proof of Proposition 17.7 

First assume that £{wp) = idimup. This implies £{wp) = idimup for all 
R> P hy (17.6.1) and so 

n#Ap2j = 

iip = n. 


Pw (-^) 
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For p = m we see that Pw{R) < — 1 for i? < G and thus the link cohomology 

for the i?-stratum (which inductively is Z[—-|- 1]) will always be truncated. 
For p = n we see that Pw (R) > 0 and thus the link cohomology (which inductively 
is Z) will never be truncated. This proves the proposition in this case. 

Now assume that £{wp) ^ \ dimnp and consider the case Q = P. Let S' > P be 
the unique parabolic Q-subgroup which is minimal with the property that £(ws) = 
i dim ns. Consider the Fary spectral sequence 

0 /p„i/|(^«|„(|Ap|)- 0 4„iJ:(0)(c(|Ap|))^4„P*(|Ap|). 

#Ag=p #Ag=p 

The hypothesis (17.6.1) remains valid if we replace P hy R (with Q = R) so by 
induction all the Ei terms vanish except in the case that p = m. In this case, only 
the terms for R G [S, G] are nonvanishing and the spectral sequence is isomorphic 
to the Fary spectral sequence abutting to Jp^iJ*(c(|Asl)). This vanishes by the 
argument in the previous paragraph unless S = G. Thus 




0 if S' < G or p = n, 

Z if S = G and p = m. 


However in this second case, Pw{P) > i+#Ap_ 2 J ^ q degree 0 link 

cohomology class will not be truncated at the P-stratum. Thus /p^i7c(0)(c(|Ap|)) = 

0 . 

The argument for the case Q = G is similar except that we use the Mayer-Vietoris 
spectral sequence converging to /p^i7*(|Ap|) from (5.5.2): 




= 0 Ip„H^-^{Ur)= 0 /,„P:^i^l)(c(|Ap|)) . □ 

#A«=p-H #A«=p-H 


19. Proof of Lemma 17.8 

We begin with some generalities on chambers in ap and an analogue of the lemma 
for the Q-Weyl group qW of G (Lemma 19.4). This is a purely combinatorial result 
regarding the Q-root system and its Weyl group. We then reduce Lemma 17.8 to 
this result. Thus w in this section will refer to an element of qW until §19.5. 

19.1. Let q4> C a* denote the Q-root system of G with simple roots A. Let P be a 

parabolic Q-subgroup and let denote the subroot system with basis A^ in . 
The Weyl group of is the parabolic subgroup C qW generated by the 

simple reflections {sajagAP- Let q'^’p denote the restriction of the elementSQ<i> \ 

to ap. An element of q$p may be expressed as a Z-linear combination of the 
elements of Ap with coefficients all > 0 or < 0, however in general Q<i>p is not a 
root system. 

19.2. Chambers in ap. The “chambers” of ap are the connected components of 

ap \ K®'' o;- Even though q$p is not a root system there is a combinatorial 

object that parametrizes these chambers. Let qHp denote the minimal length 
representatives of the cosets in q1F^\q 1F and dehne 

(19.2.1) qW{P) = { re e qW I rc-^A^ C A } C qWp 
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(cf. [35, 1.1.7]^°). This is not a subgroup in general. 

There is a nice geometric way to think of qWp and qW(P). Namely let C denote 
the strictly dominant cone of in a and let denote the strictly dominant cone 
of in Then w G qWp if and only if the chamber wC projects into under 
the projection a ^ a^. Furthermore such an element belongs to qW(P) if and only 
if the closure of wC is adjacent to ap in the sense that wCCiap is a boundary stratum 
of wC with codimension #A'^. In this case we let w • Cp = intap (wC H ap) denote 
the corresponding chamber of ap. (Here intap denotes the interior of a subset of 
ap.) 

The correspondence 

(19.2.2) w <—> wCp 

is a bijection of qIF(P) with the chambers of ap [35, 1.1.10]. 

19.3. An Alternative Characterization of q 1F(P). Let prp denote the map 

Q<i> \ ^ Q<1>P given by restriction to ap. For w G qW let Q$t„ = {7 G 

< 0}. 

Lemma. qW{P) = {w £ qWp \ n prp^(a) = prp^(a) or % for all a G 

Q$p}. {The cases prp^(Q;) and 0 corresponding respectively to {a,w ■ Cp) < 0 
and {a, w ■ Cp) > 0.) 

Proof. If w G qW{P) and 7 G prp^(Q;) we have 7 G {j,wC) < 0 77 

{'),wC) < 0 77 {a,w ■ Cp) < 0. Conversely, if w G qIFp and fl prp^(a) = 
prp^(Q;) or 0 for all a G Q'&p, consider 7 G A^. If = 61 + 62 ((5i and 62 

positive roots) is not simple, then W(5i > 0 (say) and w 52 < 0. Thus —w 52 G 
and —w 52 + 7 ^ Q'hm, while prp(—u;( 52 ) = p'rp{—wS 2 + 7). This contradiction 
implies w~^A^ C A and thus w G q1F(P). □ 

19.4. Lemma. Assume the irreducible components of the Q-root system of G are 
of type An, Bn, Cn, BCn, or G 2 . Let P be a proper parabolic Q-subgroup and let 
w G qW{P). Then there exists T > P such that one of the following hold: 

Case 1: #At = 1. In this case n prp^(Q<I)p) = prp^(Q<i)p) or 0. 

Case 2 : #At = 2. In this case Ap = {/3_,/3+} and 

nprp^(N/3_) =prp^(N/3_), 

nprp\N/3+) = 0. 

Remark. The lemma does not quite imply that wp G qW(T) since in Case 2 nothing 
is asserted regarding Q'l’a, fl prp^(/3) when j3 G q4>p is not a multiple of a simple 
root. 

Proof. It suffices to assume that is irreducible and even reduced (the case BCn 
follows from the case Bn). Let G be the simply connected semisimple Q-split group 
with root system q$. There always exists an irreducible representation V oi G 
whose nonzero weights form a single Weyl orbit [32, §2], [28]. We partially order 
the weights ^(H) as usual: /i^pifp — /risa sum of nonnegative integral multiples 
of elements of A. Then the root systems A„, i?„, C„, and G 2 are precisely those 

^*^Our notation differs in several ways from [35]. For one thing, the meaning of qWp and qW^ 
are reversed. Furthermore, since we consider right cosets of rather than left cosets, we have 

w~^ where [35] would have w. 
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for which we can arrange that is totally ordered. (In the notation of the 

appendices of [14] we choose V to have highest weight wi.) Write d)(F) = {ei 
62 >- ■ ■ ■ >- eAi}- Since the representation is faithful every root 7 G may be 
expressed (nonuniquely) as Si — £j, where 1 < i < j < N. Moreover, if a G A is 
in the support of 7 and we represent a as 6 ^ — Sk+i for a fixed fc, we may choose i 
and j so that i < k < j. This can be proven in general but is easily checked for the 
cases at hand. Note that to simplify the exposition that follows we will treat £i — £j 
as if it were always a root; any assertion regarding — Sj should be ignored if it is 
not a root. For w € qW we will also denote by w the corresponding permutation 
of {1, 2,..., N}; thus w{£i - Sj) = - £w(j)- 

First assume that rc(l) > 1. Then 

Si - £^(i) G for i < w(l), 

(19.4.1) 

£»(!) - Efc ^ Q'&tu for w(l) < k. 

Since w G qVFp it follows that £u,(i)-i - Sw{i) ^ ■ If ^w{i) - Sw{i)+i, ■■■, 

£n-i — £n & A^, then prp(ei — ej) = prp(£i — £^,( 1 )) for all i < w(l) < j and so 
by Lemma 19.3 and (19.4.1) such £i — £j must belong to q4>to. We can thus let T 
have type A \ {£u,(i)_i — £u)(i)} and Case 1 is satisfied. Otherwise let b > w(l) be 
the least index such that £b — £b+i ^ A^. Then Lemma 19.3 and (19.4.1) imply 
that 

£i - £j G Qd)^, for i < w(l) < j <b, 

£j - £fc ^ Q<I)u, for w(l) < j <b < k. 

Thus we can let T have type A\ {£iu(i)_i — £^,( 1 ),£6 — £ 6 - 1 - 1 } and Case 2 is satisfied. 

Now assume that w(l) = 1. If w{i) = i for all i then = 0 and letting T have 
type A\ {£i — £i+i} for any £i — £j_|_i ^ A^ will do. Otherwise let a > 1 be the least 
integer such that w{a) > a. Since £a — £w(a) G whereas £a-i — £w{a) ^ q4>uj 
we must have £a-i — £a ^ A-^ by Lemma 19.3. Furthermore £i — ej ^ Qd*™ for 
i < a < j so we can let T have type A \ {£a-i — £a}- □ 

19.5. Proof of Lemma 17.8. We return to the setting of Lemma 17.8; thus w is 
now an element of W. Let A G [)c be the highest weight of E] as in the proof of 
Lemma 17.6 the hypotheses on V and Q imply that A satisfies 


(19.5.1) 

{w{X + p), a^) < 0 
{w{X + p), a^) > 0 

for a G d)(np; ap), 
for a G d)(np'^; ap). 

and 

X € B = { X dominant 

1 R;(A + p)|t,p,_i =0} 


(see (8.2.3) and (8.3.1)). The transformation A 1 -^ cA + (c — l)p for c > 1 preserves 
these conditions (since it corresponds to rescaling w{X + p) by c) so we may assume 
that A is strictly dominant and hence in the interior of B. By perturbing A within 
B slightly we can arrange that all the inequalities in (19.5.1) are strict inequalities 
and that in addition that {w{\ + p), a^) ^ 0 for all a G d>(np, ap). 

Since we have arranged that w{X+p)\ap lies in a chamber of ap, the discussion of 
§19.2 and in particular (19.2.2) shows that it determines an element qw G qW{P). 
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By (19.5.1) and Lemma 19.3 we have 
(19.5.2) 

n prp^a) = prp^(a) 4=> ( 


n pr„^ 


nprp (a) = 


{w{X + p), a^) < 0 
{w{\ + p), a^) > 0 


a e ^>(14^; ap), 
oi e <I)(np'^; ap). 


for all a S ^(np, ap). Apply Lemma 19.4. If #At = 1, denote the unique element 
of Ap by ( 3 - or ( 3 + depending on whether n prp^(<I)p) = prp^($p) or 0. In 
general let a± S Ap restrict to ( 3 ±. The lemma and (19.5.2) imply that a_ G Ap 
and a+ G Ap \ Ap (which establishes (17.8.1)) and furthermore that for any 
a G 4>(np,ap), 


(19.5.3) 


(w(A + p), < 0 if a|ar € N/3_, 

{w{\ + p), a^) >0 if alar G N/3+. 


Lemma 17.6 concludes the proof of (17.8.2). 

The final assertion may be proved by induction. Suppose that P < Q < G, 
At = 1 and £{wt) = ^dimap- Then £aiw) = ^dimna for all a G <I)(np,ap). If 
P = Q n T, then Ap = Ap \ Ap and so la{w) < \ dimria for all a G 4>(np, ap) 
by Lemma 17.6. Then T with Ap = Ap \ {a} for any a G Ap has the desired 
properties. An analogous argument applies if Q H T = T. Otherwise we can apply 
the lemma by induction to the parabolic Q-subgroups P/Nt < {Qr\T)/NT < T/Nt 
with w and A replaced by w'^ and wriX + p) — p respectively to obtain a parabolic 
Q-subgroup T/Nt- Then T has the desired properties. □ 

20. Proof of Theorem 17.9 

If T = P and Q = P or G we can apply Proposition 17.7 to obtain the desired 
vanishing; the hypothesis (17.6.1) follows from (17.8.2) and the nonvanishing cases 
are excluded by (17.8.3). So in this section we can assume that if T = P, then 
P < Q < G; this is necessary for Lemma 20.6 below. 

20.1. Notation. In order to simplify the notation, we will simply write IH{U) for 
Ip^H{U). Furthermore, if Z C |Ap| is a locally closed constructible subset, we 
write 

IHz = IHz{U) 

where U C |Ap| is any open constructible subset containing Z as a relatively closed 
subset. This is well-defined by excision. 

20.2. Consider the commutative diagram 

-> ^ IH\c{\Ap\)) ^ IH\c{\Ap\) \ c(|A«|)) ^ • 


IH\\Ap\) 


IW{\Ap\\\A% 


in which both rows are long exact sequences. The vanishing assertion of Theo¬ 
rem 17.9 is equivalent to r being an isomorphism. However by the local char¬ 
acterization of intersection cohomology, the map s is an isomorphism in degrees 
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* < Pw{P) and the inclusion of 0 in degrees i > pw{P)- Thus we need to show that 
(20.2.1a) /i/*-^(|Ap|\|A^|)=0 for i > p^{P) + 1, 

(20.2.1b) Im (^IHP-^P\\Ap\\ |A^|) ^ 

(20.2.1c) Ji/|^Q|=0 fori <p^(P)-hl. 


To prove (20.2.1a) we will use the long exact sequence 

( 20 . 2 . 2 ) 


IH\ 


i-l 

A?'' 


IW-\\Ap\\ |A«|) ^ IH^-\\Ap\ \ lA^^^I) 


and show the outside terms vanish in the appropriate degrees. Equation (20.2.1c) 
will follow similarly using 


(20.2.3) 


IH. 




For (20.2.1b) we will use these arguments to show that either IHP'^^^\\Ap\ \ 
|A^|) =0or =0. 

20.3. Lemma. ^-f^4vT|^I^Q| = 0 for all i. 

Proof. For R > P, let Ur be the star neighborhood of the open face |Ap|°. De¬ 
compose 

|A^^^|\|A«|= p URn\A$'^^\. 

il^A^CAj.\Ar'^ 

The corresponding Fary spectral sequence abutting to -^^|*^QvT|^j^Q| has (compare 
Lemma 3.7) 

EfP’^-i+P = 0 


0 


UHnlAg''-^! 

$^A’f<ZAf\A%‘^'^ $^A’f<ZAf\A%‘^'^ 


^^4ov«|)(c(|Ap|)) . 


#A?=p 


#A?=p 


Theorem 17.9 may be applied by induction (with P < Q replaced by P < Q V P 
and T remaining the same) to prove that this vanishes. □ 


Similarly we have the 


20.4. Lemma. = 0 for all i. 

Proof Cover |A^| \ |A^ \ by {Uaj^^^QcT, where Ua is the open star of 

the vertex a. The corresponding Mayer-Vietoris spectral sequence abutting to 
AOnT, has (compare Lemma 3.7) 




= 0 

0#A 
#A»=p+l 




Tff^-P 

URn\Af.\ 


= 0 

#A«=p-H 1 


IH 


l—p 

dAgi) 


WlAflD) . 


Theorem 17.9 may be applied by induction (with P < Q replaced by P < Q and T 
remaining the same) to prove that this vanishes. □ 
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20.5. In view of the preceding two lemmas, Lemma 20.6 below will conclude the 
proof of the theorem. First we need a useful formula. For a perversity p let 

dp{k) = p{k + 1) — p{k) and 6 {k) = 

Thus for the middle perversities we have dm = 6 and dn = 1 — 6 . 

Lemma. For p a middle perversity, w € W, and P < R, 

Pw{P) = Pw{R) + (^(dimup + #Ap) - iiwp)) 

+ (5(dimnp + #Ap) (i - (ip(dimnp + #Ap)) . 

Proof. This is a simple verification using £{wp) = £{wp)+£{wr) and the definition 
of a middle perversity. □ 


1 if fc odd, 
0 if fc even. 


20.6. Lemma. In addition to the hypotheses of Theorem 17.9, assume that ifT = 
P, then P < Q < G. Then the following vanishing results hold: 

{ i > Pw{P) + 1, or 
i = Pw{P) + 1 and 

(ip(dimnp + #Ap) = 0. 

■ \ i = p^u{P)+ 1 and dp{dimnp + ffAp) = 1 , or 

Q QnT .=0 for i 

I I l < Pw{P) + 1- 


Proof. Consider part (a). Either Ap \ Ap^^ is empty (in which case the lemma 
is trivial) or by (17.8.1) it has just one element. Let R = {P,Q V T) be the 
corresponding parabolic subgroup with #Ap = 1. We know that R ^ G since 
otherwise Q V T = P and hence Q = T = P. Thus /i7*“^(|Ap| \ |Ap^^|) = 
/i7*“^(c(|Ap|)) will be zero due to truncation at the cone point if z — 1 > Pw{R). 
By Lemma 20.5 this can be re-expressed as 


( 20 . 6 . 1 ) 


[z - {pw{P) + 1 )] + [^(dimup -k 1 ) - £{wp)\ 

-{■ [(5(dimnp + 1) (5 - iip(dimnp -I- #Ap))] > 0. 


Since £{wp) < ^dimUp by (17.8.2), the second bracketed term of (20.6.1) is at 
least We are considering z > Pw{P) -f 1 so the first term is nonnegative (and at 
least 1 if z > Pw{P) + 1), while the third term is at least —^ (and nonnegative if 
fip(dimnp -I- #Ap) = 0). This proves part (a). 

Part (c) is similar. Let R have type Ap = Ap \ Ap'”'^ = Ap'^^ \ Ap. Again 
R^ G since otherwise Q = G and T = P. Then = /i7*(0)(c(|Ap|)) 

will be zero if z — 1 < pyg{R). The application of Lemma 20.5 and the inequality 
£{wp) > idimnp from (17.8.2) concludes the proof. □ 


Part IV. Satake Compactifications and Functoriality of Micro-support 

This part of the paper begins with two independent sections. In §21 we introduce 
Satake compactifications X* of X and recall Zucker’s result [57] that there is a 
natural quotient map tt: A —> X*. In §22 we discuss in a fairly general context the 
functorial behavior of micro-support of an Lm-module M. under k* and h, where 
fc: Z IF is an inclusion of admissible spaces. Following this we proceed to our 
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main result, Theorem 26.1, which is a significant strengthening of this functoriality 
in the case of restriction to the fibers of tt: X ^ X*. 

21. Satake Compactifications 

We will briefly outline the theory of Satake compactifications X* and give 
Zucker’s realization [57] of X* as a quotient space of X. References are [49], [50], 
[5], [57], and [17]. 

21.1. Notation. Let S C rS” be maximal tori of G split over Q and M respectively 

and choose compatible orderings on the roots. For /c = Q or M let fcA denote the 
simple restricted fc-roots; as usual we omit the left subscript when k = Q. We will 
be working with a regular representation a: G ^ GL{U). Let /r denote highest 
weight of cr and let fc/r = be the restricted highest /c-weight. A subset 0 C 

is said to be a-connected if 6> U {fc/r} is connected. Here a finite subset 0 of an 
inner product space is said to be connected if the associated graph (with vertices 
0 and an edge between a and (3 whenever (a, ( 3 ) ^ 0) is connected. For any subset 
0 C fcA, let k{0) be the largest cr-connected subset of 0. If 0 is a cr-connected 
subset of fcA, let w(0) be the largest subset of fcA such that k(u;(0)) = 0. As in [17] 
we extend this notation to arbitrary subsets 0 C fcA by setting u;(0) = uj{k{0)); 
it is easy to see that uj{0) A 0. 

If P is a parabolic M-subgroup, let P^ be the parabolic K-subgroup containing P 
with K-type w(rA^). This is the unique largest parabolic M-subgroup containing 
P with k{-s,A^ ) = k( rA^). In general a parabolic M-subgroup will be called a- 
saturated if it has M-type uj{0) for some 0 C rA. Let p: rA ^ A U {0} denote^^ 
the restriction map on simple roots. For a subset 0 C rA set 0'' = p{0) \ {0} and 
for a subset T C A set T = p~^{T U {0}). Subsets of rA of the form T are called 
Q-rational and are precisely the M-types of the parabolic Q-subgroups. Clearly 
(T)^= T and (0^) is the smallest Q-rational set containing 0. 

21.2. Satake compactifications of D. In this subsection and the next we depart 
from our usual context and assume that G is merely defined over R with K C G(]R) 
a maximal compact subgroup and that D denotes the associated symmetric space 
G(]R)/A'rAg. 

Let a: G ^ GL{U) be an irreducible regular representation of G which is 
nontrivial on every simple factor of G(]R) and fix an admissible metric ho on U 
with respect to K as in §12.1. Let T* denote the adjoint with respect to ho 
of an endomorphism T oi U and let S{U) denote the real vector space of self- 
adjoint endomorphisms. The representation a induces a natural representation 
d: G(R) ^ GL(PS'(P)) given by 

^{9)[T] = [( 7 ( 5 ) oP o(T(g)*] . 

The class of the identity endomorphism is fixed by K-rAg under a and thus the 
map g 1 -^ descends a G(IR.)-equivariant map 

D —> VS{U) . 


^^Our use in this section of this standard notation should not be confused with our equally 
standard use elsewhere of p to denote one-half the sum of the positive roots. 
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This map is an embedding; the closure of the image is denoted rD*, the Satake 
compactificatio'n}^ of D associated to a. The Satake compactification is independent 
of the choice of K and ho; usually cr will be fixed and we omit it from the notation. 
If D is Hermitian symmetric then the closure of the Harish-Chandra embedding of 
D as a. bounded domain is called the natural compactification and it is topologically 
equivalent to the Satake compactification for a certain cr. 

21.3. Real boundary components. A real Satake boundary component Dp h C 

rU* is the set of points fixed under the action of Np(R) for some parabolic M- 
subgroup P. The action of P(]R) descends to an action of Lp(R) on Dph- The 
centralizer of Dp h under this action is the group of real points of a normal reduc¬ 
tive K-subgroup L'pg ^ Lp. The action then descends further to the real points of 
^'p,h = fhus Dp^h is realized as L'p f^{R)/{Kp n Lp_^(]R)), the sym¬ 

metric space associated to L'p^^iR). (We use the subscripts h and ^ to mimic the 
notation frequently used in the Hermitian case.) 

We can describe these groups concretely in terms of roots. Set O = k(kA'^); 
then the orthogonal decomposition rA-^ = 0]J(rA^ \ O) yields a decomposition 
of the Levi factor as an almost direct product, 

(21.3.1) Lp = V^^^L'p^p 

Here L'p ^ is the minimal normal connected semisimple R-subgroup with 0 as simple 
K-roots; it is a lift of L'p p The group L'p^ is the almost direct product of the 
minimal normal connected semisimple M-subgroup with rA^ \ 6 ? as simple M-roots 
together with the center of Lp and all almost simple factors of Lp with compact 
groups of real points [12, 5.11]. 

The parabolic R-subgroup P giving rise to a boundary component Dph as above 
is not unique. To index Dph in a unique fashion we use its normalizer {g G G(R) j 
gDp^h = Dp^h}; this is the group of real points of a cr-saturated parabolic R- 
subgroup, namely Pfi Recall that P^ is the unique parabolic R-subgroup containing 
P with R-type w(rA^). For later use we note that the centralizer {g & G(R) | gy = 
y for all y € Dp^/j } of Dp^h is the group of real points of the inverse image of ^ 
under pt ^ Lpt. On the other hand, if P is a cr-saturated parabolic R-subgroup, 
P(R) is the normalizer of a unique boundary component Dp^h, namely the points 
fixed by NpiR). We have 

rD* = Dp^h ■ 

R (T-saturated 
parabolic R-subgroup 

21.4. Rational boundary components. Now consider again a connected reduc¬ 
tive algebraic Q-group G with D — G{R)/KAa. We assume that rSq = Sq- 
(This is not necessary bnt simplifies the exposition; the assumption is satisfied if 


^^Here we have followed most closely Zucker [57]; Borel [5] uses an action on the right for U and 
S{U) and hence replaces fi by the lowest weight of U. Satake’s construction [49] is identical except 
that he represents S{U) by Hermitian matrices. Casselman [17] dispenses with U altogether and 
works directly with an irreducible representation V containing a i^-fixed vector. In [44, §3] it is 
shown that given U there exists V (in fact contained in S{U)c) such that Casselman’s construction 
agrees with Satake’s construction. The highest weight of this V is 2]^{i and hence the notion of 
cr-connected defined here agrees with that in [17] for subsets of A or rA. 
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D is Hermitian or is equal-rank.) Then the preceding two subsections may be 
applied to yield a Satake compactification rD*. 

A real boundary component Du h of rI?* is called rational [2, §§3.5, 3.6] if 

(i) its normalizer R is defined over Q, and 

(ii) the group L'j^ ^ contains a normal subgroup of Lr defined over Q such 
that ^(IR)/LRy(IR) is compact. 

Here Condition (i) is equivalent to rNj^\N}i(R) being compact while Condition (ii) 
ensures that D^ h may be realized as the symmetric space associated to the reduc¬ 
tive algebraic Q-group = Lh/Lr^i. For a rational boundary component 
equation (21.3.1) may be replaced by a factorization by Q-subgroups, 

(21.4.1) Lr = LrrLr^i. 

On the other hand, consider the real boundary components DR h for which 

(21.4.2) rA^ = oj{T) for some a-connected T C A. 

Real boundary components satisfying (21.4.2) are exactly those in the closure of a 
Siegel set [17, Lemma 8.1]. By [57, Proposition 3.3(i)] any real boundary compo¬ 
nent satisfying Condition (i) satisfies (21.4.2). The Satake compactification rD* is 
called geometrically rational if every real boundary component satisfying (21.4.2) 
is rational. Examples of geometrically rational Satake compactifications include 
those where cr is defined over Q [44, Theorem 8] or where H is a Hermitian sym¬ 
metric space and rD* is the natural compactification [2]. Casselman [17] gives a 
necessary and sufficient criterion for geometric rationality in terms of r/x and the 
Tits index of G. 

For geometrically rational Satake compactifications. Condition (i) in the defi¬ 
nition of rational boundary component implies Condition (ii). Thus the rational 
boundary components of a geometrically rational Satake compactification are in¬ 
dexed by the cr-saturated parabolic Q-subgroups. In fact by the following lemma 
these are precisely the parabolic Q-subgroups with Q-type co{T) for T C A. 

Lemma. I/rD* is geometrically rational, 

(21.4.3) t^) = oj{f) for TCA, 

(21.4.4) uj{0)^ = uj{0'') for 0 C rA with uj{0) Q-rational. 

Proof. Note that a subset T C A is a-connected if and only if there is a cr-connected 
subset 0 C rA with 0'' = T [57, (2.4)] and that this implies that 

(21.4.5) k{0'') = k{0)'' for any 0 C rA . 

To prove (21.4.3) we first claim that k(uj{T)) = k{T). Since uj{T) contains k{T) 
it follows that k{uj(T)) A k(T). On the other hand, k{u}{T))'' is a-connected and 
contained in uj{T) and therefore k{uj{T))'' C k{T) C T; it follows that k{u){T)) C 

[5] it is assumed that L)j ^ itself is defined over Q, but it is noted in [2] that this is too 
restrictive. 

^"^Our presentation here follows Casselman [17]. The assumption that Condition (i) holds for 
the real boundary components satisfying (21.4.2) is the assertion that cj(T) is Q-rational for any 
cr-connected subset T C A. A weaker assumption is made in [57, (3.3)] (Assumption 1) and the 
above assertion is deduced via [57, Proposition 3.3(ii)]. However as pointed out in [17, §9], this 
proposition is incorrect. 
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k(T) which finishes the proof of the claim. The claim implies that uj{T) C uj{T). 
For the opposite inclusion it suffices (since by geometric rationality both sets are Q- 
rational) to check that w(T) D uj{T)'^. This follows since k{T) = k(T)^ = k(oj(T)^) 
by (21.4.5). For (21.4.4) suppose uj(0) is Q-rational for 0 C rA and set T = k(6>)A 
By [57, Proposition 3.3(i)], k(0) = k(T) and hence w(0) = uj(T) = uj(T) (use 
(21.4.3) for the last equality); we thus see that cj(0)^ = oj(T) which in view of 
(21.4.5) completes the proof. □ 

21.5. Satake compactifications of X. Assume r-D^ is a geometrically rational 
Satake compactification of D. Let be the union of D and the rational boundary 
components. By the preceding discussion we have 

d:= U Dn,h 

R (7-saturated 
parabolic Q-subgroup 

and G(Q) acts on D*. There is a topology on D% (the “Satake topology”) for which 
X* = r\i4* is a compact Hausdorff space containing A as a dense open subset; 
X* is the Satake compactification of X associated to a and as usual we will omit 
cr from the notation. For example, if is a Hermitian symmetric space and rD* 
is the natural compactification, then X* is the Baily-Borel-Satake compactification 
[ 2 ]. 

Let T* denote the F-conjugacy classes of cr-saturated parabolic Q-subgroups. 
For R G IP*, set Fr = ^\DR^h, where we view as the symmetric space 

associated to as above and = ^Ln/i^Ln H Lr^i). Then X* has a 

stratification 

= II • 

fieyj 

We define a partial order on the rational boundary components (and similarly on 
the strata of X*) by setting < DR',h if and only if Q c\{DRi^h)', this 

corresponds to the conditions that fl i?' is a parabolic Q-subgroup (for some 
7 G F and k(A^) C k{A^ ). 


21.6. X* as a quotient of X. Continue to assume that rD* is a geometri¬ 
cally rational Satake compactification of D. Let P be a parabolic Q-subgroup 
and let rA^ = T be its M-type. By (21.4.3), uj(T) is Q-rational so Pi is a cr- 
saturated parabolic Q-subgroup and thus defines a stratum Dpf^^ of D* . Let 
Dp^i = Lqj{'E.)/KqjAq be the symmetric space of the second factor of (21.4.1) 
(where = Kq npQ 7 (]R)). The factorization (21.4.1) induces a decomposition 

(21.6.1) Dp = Lp{R)/{KpAp) = Dp^h x Ppy 


and we let 


qp-. Dp —> Dpqf^ 


be the projection onto the first factor. (Note that Dp^h 
k{uj{T)).) Together these maps yield a surjection 


q-.D^D;. 


Dpi since k{T) = 


Let tt: X —>■ X* be the map induced by q. Zucker’s main result in [57] is that tt is a 
quotient map. (Note however that the quotient topology on P* induced by q may 
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be finer than the Satake topology on D% [57, (3.10)].) Note that in the notation of 
§3.5 we have 7r“^(FR) = XaiLR^t) for any cr-saturated parabolic Q-subgroup R. 

22. Functoriality under Inverse Images 

Let k'. Z ^ IF be an inclusion map of admissible spaces possessing unique 
maximal strata and let M. be an Lvu-module. Let Xs denote the unique maximal 
stratum of IF. We wish to study the micro-support of the inverse images k*M. 
and k'Xi. In order to preserve the condition of conjugate self-contragredience, we 
shall sometimes assume certain boundary components are equal-rank: a symmetric 
space is called equal-rank if it can be expressed as G(M.)/K, where G is a reductive 
K-group, K is a maximal compact subgroup of G(]R), and G is equal-rank (see 
§8.5). Thus if G is defined over Q and D is defined as usual to be G(M.)/KAg, then 
D is equal-rank if and only if °G is equal-rank, which is the case if and only if Fjog 
is conjugate self-contragredient for any regular G-module V. 

22.1. Notation. Given an admissible space IF with unique maximal stratum Xs 

and an irreducible Lp-module V G iJrr(IF), recall that (resp. Q'^) is the 
parabolic Q-subgroup containing P with type {a G Ap | (^y -|- p, a'^) < 0 } (resp. 
{a G Ap I (^y p,a'^) < 0 }) with respect to P. 

22.2. The case of an open embedding. The following proposition is clear: 

Proposition. Let k: Z ^ W be the inclusion of a open admissible subspace and 
let A4 be an Lw-module. Then SS{k*A4) = SS(AI) H 3xx{£jz). {Note that k* = k' 
in this case.) 

22.3. More partial orderings on fJrr(Avy). Before treating the case of a closed 
embedding, we need to generalize the partial ordering of §9.1. Let V,Vg 9rr(ilvu) 
be irreducible Lp- and Lp-modules respectively. Let +ap* denote the convex cone 
generated by all a G Ap. Set V V if the following three conditions are fulfilled: 

(i) P<P; 

(ii) V = F)^ for some w G 

(hi) (Cv +P)|„p G 

Similarly set F F if instead of (iii) the condition 

(^y + p)|^P G 

is fulfilled. If both F F and F F we recover V . liV F we set 

[F : F] = t{w) where w is as in (ii). 

22.4. Lemma. Both and =4- are partial orderings on fJrr(Lvu)- They are 
generated by the relations where #Ap = I. 

Proof. The only issue in the first assertion is transitivity. This is clear for (i) and 
for (ii) it follows from (3.2.1). As for (iii), suppose F F F. Then 
(^y + p)\^p = (?V + P)\aP + (^F + 

SO we need to check that the elements of both Ap and Ap are in +ap* when viewed 

as linear functions on Up = ttp + a^. But this is one of Langlands’s “geometric 
lemmas” [13, IV, §6.5(2)]. 
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For the second assertion, suppose that V V. If + p,a'^) < 0 for all 
a G A^, then (^y + p)\ p belongs to the interior of — [13, IV, §6.2], which is a 

“p 

contradiction. So there exists oq G Ap such that {^v + P, ckq ) — 0- Let P > P have 
type Ap = {ao} and decompose w = w^wp G WpWp. Then it is easy to check 
that V = V)wp satisfies V V V and we can use induction. □ 

22.5. Lemma. IfV V then VP' > Q^, and Q'^ WP' > Q'^. IfV 4- V' 
then V P' < Q^, and Qf \J P' <Q'^, . 

Proof. By Lemma 22.4 it suffices to consider the case where Ap = {oo}- Suppose 

V =4+ V and thus (^y + p, Og) > 0. Let o' G Ap/ and let a G Ap \ Ap be the 

unique element for which a\ap, = o!. Since fy + pp/ = (^y + p)|op/ we have 

{iv +p,q;'^) = {iv + P,Q:'^) - +P,ao) ■ 

Since (/3ap,Q;'^) = c(ao,a'^) < 0 (where c > 0), the inequality (^y/ +p,a''') < 0 
implies (^y + p, oi^) < 0 and thus Q'y V P' > Q^,. The other assertions are proven 
similarly. □ 

22.6. The case of a closed embedding: weak form. Let A4 be an Lw-niodule. 
If /c: Z ^ IF is the inclusion of an admissible subspace possessing a unique 

maximal stratum and 8 C iJrr(ilvv) is any subset, define 

fc*S = { y G 3xx{hjz) I V V for some V G 8 } 

(22.6.1) 

k § = { y G Jxx(Cz) I y y for some y G 8 } . 

Proposition. Let ir : Xr n IF ^ IF he the inclusion of a closed stratum and let 

A4 be an Ly -module. Then 

SSU^rM) C i*p SS^{M) and SSU^rM) C fp SS^{M) . 

For V G SSto(»pA4) we have estimates 

c{V]i*pM) > min {c{V;M) + [V : Fj) 

(22.6.2 

d{V; PrM) < max {d{V; M) + [V : Fj) . 

v^+v 

For V G SSw{ipA4) we have estimates 

c(y; i'rM.) > min (c(y; At) + [F : F] + dim ap) 

/ , V^-V 

(22.6.3) 

d{V ; I'rM.) < max {d{V ; M) + [F : F] + dim ap) . 

Proof. We need to show for all R G T(IF) that 

(22.6.4) if F G SStt.(7pA4) then there exists F G SSu,(Ad) with F F 
and 

(22.6.5) c(F; AT) + [F : F] < c(F; PrM) < d{V; i*rM) < d(F; AT) + [F : F] , 
and the analogous claims for SSuj(zpA4). 
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First some notation. Let P G J’(XflntF) and let V be an irreducible Lp-module. 
Let Q G [QyjQ'v]- (Here we write Qy instead of Qy^^'^ and similarly for Q'y.) 
Set U = {P,R) ns and \et T = {Q, R) n S = Q V U: 



P 


By Proposition 3.4(i)(iii) we have tpfgzljAf = and ipigipM = ppigM. 

Thus the condition that V G SS«,(zpAf) becomes 

( 22 . 6 . 6 ) W{i*pipM)y^0 

for some j and some Q as above, and the condition that V G SStu{i'pM.) becomes 

(22.6.7) W ii*prQM)y 0 . 

The following case of (22.6.4) is easy and will be used below: 


(22.6.8) if P e SS„(zJjA^) and Q'^ = Q'^ V U, then V G SS^(M). 

For G [Qy,Qy V U] and thus T G [Q^,Q'^]- Hence (22.6.6) implies that 
V G SSw(A4). Similarly 

(22.6.9) if P e SS„(zpAf) and = Q^, then V G SS^(M). 


For simplicity we now consider the general case in detail only for V G SSw (rpM); 
the changes necessary for V G SSw(ipA4) will be indicated at the end. We will use 
induction on ^Ap. Since the case where #Ap = 0 is trivial, we may assume that 
(22.6.4) and (22.6.5) are true for all R G !P(fF) and all irreducible Lp'-modules V' 
satisfying #Ap, < #Ap. 
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Let P' > P have type Ap = { a e Ap \ Ap | {^v + P, oi^) > 0 } and let T' <T 
and U' <U have types Ap = Ap \ Ap and Ap = Ap \ Ap respectively: 



We can assume that P' > P since otherwise V G SSu,(A^) by (22.6.8). Consider 
the short exact sequence 

0 ^ PpipM i*pip'^{i*p,ipM) 0 

and corresponding long exact sequence (which is the analogue of the long exact 
sequence of a triple) 

( 22 . 6 . 10 ) -^ W{i*pip,M)v H\i*piTM)v ^ {i*pip',{i*p,iTM))v ^ . 

Since by (22.6.6) the middle term is nonzero, either the first or last term must be 
nonzero as well. If the first term of (22.6.10) is nonzero, then we have similarly to 
(22.6.8) that V G SS^(Al) (since < Q^\J U' < Q\/U' = T' < Q'^yU' = 
in the current situation). If instead the last term of (22.6.10) is nonzero, it follows 
from (3.6.6) that H^{np ; H^~^{ip,ipM))v ^ 0- Thus 

( 22 . 6 . 11 ) H^-\i*p,ipM)v' + 0 

for some irreducible Lp'-module V satisfying V V' and I =\y' ■.V\. 

Choose B! G [P', S'] n V{W) such that Q' = R' r\T < Q'y,. (For example, one 
can set Q' = Q'^, n T and take R' = {Q',T) n S'. Another choice of R' will be 
made in §23.) Let S' = R' y T: 


S 

/ 

S' 



Q' 

/ 

p' 


By Proposition 3.4(i)(iii), i*p,ipM = ip,iQ,ip,ig,A4 and so (22.6.11) becomes 

( 22 . 6 . 12 ) ^ 0 . 
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Furthermore we claim that 

(22.6.13) Q^, <Q' < . 

The second inequality of (22.6.13) is our hypothesis on Q'; the first inequality of 

(22.6.13) follows since 

Q' = R' nT = R' n {Q W U) > R' n W U) > V P' > Q^, , 

where at the last stage we use Lemma 22.5. 

Equations (22.6.12) and (22.6.13) show that V G SSTO(zJj,Zg,Al). By the induc¬ 
tive hypothesis we can apply (22.6.4) to V and conclude there exists an irreducible 
Lp-module V G 88 ^( 15 ,Al) with V V. By transitivity of (Lemma 22.4) 
we have V V. However S' > T V P > V P > by Lemma 22.5, and 
thus V G 88u,(Al) by (22.6.9). This proves (22.6.4). Equation (22.6.5) also follows 
since [E : E] = [E : E'j + [E' : E]. 

The proof for SSu,(zpAl) is similar except that we let P' > P have type Ap = 
{ q; G Af\Af |(^v+P, a'^) <0} and use the long exact sequence 

(22.6.14) 

• • • > [i pVqA4)v *■ {ipi'qyp,A4)v {ipipi^,{ip,i'Qyp,A4))v ■ • 

It is now the first term that is nonzero and hence either the middle or last term 
(in degree j — 1) must be nonzero as well. Eurthermore we choose R' for which 
Q' = P' n (g V P') > Q^, and let S' = (Q', Q V P') n P: 



(For example we can take R' = {Qy P', Q^, V Q V P') n S for which Q' = Q\/ P' 
and S' = S.) Equation (22.6.12) must be replaced by 

22.7. Remark. The proposition is false in general if 88^, is replaced by 88. We will 
see in §23 a situation in which this replacement is valid. 

22.8. The case of an inclusion of a fiber. 8ay we are given a connected normal 
Q-subgroup Lpj C Lp for a given P G T and set Lp^h = Lr/LrP, we have a 
almost direct product decomposition Lp = LppLp^i where Lp^h is a lift of Lp^h- 
Let Xp{Lp^i) C Xp be the partial compactification of Xp in the ^-directions” 
as in §3.5. Let ip^e: Xp^e ^ Xp{Lp^i) be the inclusion of a generic fiber of the flat 
bundle tt: Xp{Lp^i) Xpp. 

Note that any E G 3xx{Lp) may be written as 14 ® 14, where Vh G 3xx{Lp^h) 
and Vf G 3xx{Lp^i); the restriction ReSp^^ E is a sum of copies of 14- For a subset 



76 


LESLIE SAFER 


8 C 3tt{Lxn{LR^i)), define 


( 22 . 8 . 1 ) 


Res| 8 = Res^ 8 = 


is a component of Res^^ V for some 
Lp-module R G 8 


Proposition. Let M be an Ljx^(Lr t)-'m,odule and assume that is equal-rank. 
Then SS(f^^Al) = Res| SS(Al) and for R G SS(zJj£At) we have the estimate 

(22.8.2) [c(Vi;i*i,^fM),diVe;t*iijM)]= (J [c(R; At), ci(R; At)] . 

Res* V=Ve 

The same result holds for ^At except for the shift in degree of — dimZtp^/i. 
Proof. For Pi < Qi € ^(Ap^^) we compute via (3.5.1) that 

(22.8.3) = *pAp.^(*p*Q-^) - 

where P < Q € 5’(Ap(Ap_^)) are defined as in §3.5. Thus an irreducible module 
Vi G ffrr(LpJ appears in the cohomology of (22.8.3) if and only if H{i p*q-^)g 7^ 0 
for some R = 14 ® R G iJrr(Lp). Furthermore in this case Qi G [Qyf, Q'yf^] if and 
only if (5 G [Qv, Qy]- D 


23. Functoriality under Inverse Images (continued) 

Let Fr be a stratum of a Satake compactification A* = r\Il*. In this section 
we present a generalization of Proposition 22.6 (replacing SS^ by SS) in the case 
that iR is the inclusion of 7r“^(F’p) = Xr{Lr^i), under the assumption that H* has 
equal-rank rational boundary components. We begin with two lemmas, for which 
this assumption is not necessary. 

We will use the notation of §§3.5 and 21. 

23.1. Lemma. Assume V 4± X' where V and V' are irreducible Lp- and Lpi- 
modules respectively. Set R = P^ and R' = P'^ and assume P' Ci R = P. Then 

(23.1.1) R' n {Q^ y p') = Q^', and i?'n (g(f V P') = <3^' 

Proof. For a G Ap let a denote the unique element of A whose restriction to ap 
is a. In general (a, ciq ) 4 0 for a, ao G Ap if and only if S' U [a, 5o} is connected 
for some F C A-^. This is easy to verify if ffX^ = 1 and then one uses induction. 
We claim that 

(23.1.2) RyP'>R'. 

To see this, note that if a G Ap and a ^ ApUAp , then {a}UK(A'^) is cr-connected 
and a\ap, = a' ^ 0. The first assertion implies that {d} U k(A^ ) is cr-connected. 
Thus a' = a\ap, ^ Ap, and therefore a ^ Ap . This proves the claim. 

Now let a' G Ap, and let a be the unique element of Ap \ A^ for which 
crjop, = C('- Equation (23.1.2) implies in fact that a G Ap \ AP . We claim that 

(23.1.3) «lar=0- 

To prove the claim let ao G Ap . As above if (a, ciq) 4 0 then F U {S, 5o} 
is connected for some F C A-^. But the assumption P' D R = P implies that 
do ^ '^('^(^^)) and hence do G k{A^ ). It follows that ik C k[A^ ) and thus 
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{a} U k{A^ ) is cr-connected. But then a' = di\ap, ^ Ap,, a contradiction. Hence 
(a, Oq ) = 0 for all oq G Ap , which proves (23.1.3). 

Now equation (23.1.3) implies that 


(23.1.4) 


{iv + P, = (Cu + P, 


in view of ^v' +Pp' = (^u+p)|op, ■ K follows that a' G Ap^' if and only if a G Ap'^, 
that is, a' G . Since A^pA'^^ = A^pA'^^ ^ n Ap,, this proves the first 


R' 


equality of (23.1.1); the other follows similarly. 


□ 


23.2. Lemma. Assume V =4± V where V and V' are irreducible Lp- and Lpi- 

modules respectively. Set R = and R' = and assume P' (1 R = P. If V\mp 
is conjugate self-contragredient and Fp> is egual-rank, then is conjugate 

self-contragredient. 

Proof. Write V' = a tensor product of irreducible modules according 

to the almost direct product decomposition Lp/ = Lpi^^Lp'/. The module Vf 
is automatically conjugate self-contragredient since Lp/^h — Lrph has no Q-split 
center and Dp/ h is equal-rank. To analyze Vf, note that P' O R = P and R = P^ 
implies that the parabolic P/Npi of Lp> = Lp^^hLppi is obtained by removing 
simple roots of Lp>p. It follows that Np C Lp^^h and that Lp factors as an 
almost direct product 

Lp = LppLpJ^Lp>^g. 

Let ReSp^, ^ denote the resulting functor that restricts a representation of Lp to a 
representation of Lp/,^. The preceding discussion shows that ReSp^, ^ H^{np ;V') 
is isomorphic to a sum of copies of Vf. On the other hand, V occurs as a component 
of H^{np ; H'), so Resp^, ^ V is also a sum of copies of Vf. Since H|mp is conjugate 
self-contragredient, this implies V^'|Mp, g is conjugate self-contragredient. □ 

23.3. Proposition. Let Fp be a stratum of a Satake compactification X* and 
assume that all rational boundary components Dpi h > Dp h are equal-rank. Let 
ip: Xp{Lp^i) = 77“^ (Fp) ^ X be the inclusion. If M. is an Lj^-module, then 

SS{i*pM) C i*p SS(M) and SS{rpM) C fp SS(M) . 

Furthermore the estimates (22.6.2) and (22.6.3) hold in the following strengthened 
form: we can assume that V V may be factored as V = Vq =^± Vi =^± • • • =^± 
Vn = V such that 

(23.3.1) Pi+i DP^ = Pi forO<i<N, 

(23.3.2) kilMp. is conjugate self-contragredient for 0 < i < N, and 

(23.3.3) ifvi + p)\ Pi+i G ±ap^+"*+ forO<i<N. 

“Pj * 

Proof. We first note that by Lemma 21.4 the cr-saturated parabolic Q-subgroups 
R have Q-type uj{T) for some cr-connected T C A. Equivalently, R is cr-saturated 
if and only if 

(23.3.4) / k(A^) U {qm} for all 7 G A \ A^ , 
where Qp- is the highest Q-weight of cr. 
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Once again we only consider the case of an irreducible Lp-module V € SS(i}fA4); 
the case V € SS( 7 ^A^) involves only minor changes. Since P G we 

have R = P\ a a-saturated parabolic Q-subgroup. Let U{Fr) = Fr' be 

the open star neighborhood of the stratum Fr C X; and set W = 7r-^(U(FR)). In 
order to apply the proof of Proposition 22.6 to P G SS(£^AI), we must replace A4 
by its restriction to W; this is permissible by Proposition 22.2. Now recall that at 
one point in that proof we obtain an irreducible Lp'-module V G SSuj(7p/7;s'/Af) 
satisfying V P' and P' D R = P and we were free to choose R' provided 
that i?' n (Q V [/) < Q'y! ■ We now choose R' = P'\ Since Q G [QyjQ'v] and 
R' n U = P' hy (23.1.2), Lemma 23.1 implies these conditions are satisfied and 
Lemma 23.2 implies that P'|Mp; is conjugate self-contragredient given that P|mp 
is, so P' G SS(fJj, 7 g,Al). Also {^y + p)|„p' G Up *'*' since by definition of P' all 
a G Ap satisfy {^y + p, a'^) > 0. 

Finally we need to verify that the passing by induction from P to V preserves 
our new assumptions. Observe that R' < S' and thus S' is also cr-saturated by the 
criterion (23.3.4). Let {Fr') = U{Fri) n Fg, be the open star neighborhood 
of the stratum Fp/ in the induced Satake compactification Fg, = cl(Fs'). Set 
IP' = TT~^{U^ (Fri)). Consider the diagram of inclusions where the vertical arrows 
are open embeddings: 


Xri n IP ^ ^ Xri n IP 


^R'{FR',i) > IP'. 

By Proposition 22.2, P' G SS(A:p,ip,Zg/At) = SS(zp,fcp,Zg/A4), and we can use 
induction. □ 



24. The Basic Lemma 

We now address the issue of estimating the term [P : P] = i{w) in (22.6.2) and 
(22.6.3) within the context of Proposition 23.3. Our tool is a basic lemma which, 
under the assumption that P|mp is conjugate self-contragredient, establishes the 
fundamental relationship between the geometry of vis a vis an S'p-root a and 
the contribution to the length of w attributable to a. This basic lemma is important 
in other contexts; a simple form already occurred as Lemma 17.6. 

For simplicity we will assume that P = F is an irreducible G-module. We use 
the notation of §17.6. 


24.1. Let f) be a fundamental Cartan subalgebra of Ip and let 4)+([pc,I)c) be a 
0-stable positive system for Ip. Let P be an irreducible Fp-module with highest 
weight M G t)c and assume P|mp is conjugate self-contragredient. We have defined 
a reductive M-subgroup Lp(/i) C Lp in §§10.1 and 10.2 with roots 


(24.1.1) 


{ 7 G $(Ipc, be) I (M: 7^) = 0 } ■ 



£,-MODULES AND MICRO-SUPPORT 


79 


Via a lift of Lp to P, we obtain an adjoint representation of Ip (and hence lp(/i)) 
on npc- There is a unique decomposition 

npc = ^ F, 

[ p (/i)-irreducible 
submodules 
FCnpc 

which coarsens the decomposition into root spaces. Set r'p = —Tp and observe that 
if F is an irreducible component as above with weights d)(F, (ic), then Tp($(F, (ic)) 
is the set of weights of another irreducible component, which we denote Tp{F); this 
follows from (8.2.2). In this way we obtain an action of r'p on the [p(/x)-irreducible 
components of npc, generalizing the action of Tp on the roots of npc. Let^^ 

^p{^F) = ^ F ; 

r'p(F)=F 

since the action of lp(/i) on ripc preserves Uqc for any a S $(np,ap), we may 
likewise define na{p). Although np(/x) and nQ(/x) depend on the choice of a lift of 
Lp to G, their dimensions are independent of this choice. The dimension of np(/i) 
can vary depending on the choice of d>+(lpc,()c) however; let np(V) denote any 
one of the np{p) with maximal dimension. 

24.2. The Basic Lemma. Let P be a parabolic Q-subgroup and let w S Wp. Let 
V = iJ^(“')(np; E)^ have highest weight p, with respect to a 6-stable positive system. 
Assume V\mp is conjugate self-contragredient. For any a G $(np,ap) we have: 

(i) (Cu+diQ;^)<0 ^^(rc) > i(dimnQ + dimnQ(/r)). 

(ii) + p, = 0 £a{w) = ^ dim Ua and ndp) = 0. 

(iii) {^v +/ 0 , >0 (aiw) < i(dimna -dimna(p)). 

Furthermore if F C xXaC is an irreducible Ip (p)-submodule, then contains 
respectively (i) at least one, (ii) exactly one, (iii) at most one of d>(F, t)c) and 

d>{T'p{F),[)c). 

Proof. Let denote the Weyl group of Lp{p) and let A G ()c be the highest 

weight of E relative to 4)+ = <I>+([pc, ()c) U <I)(npc, t)c)- We begin by establishing 

(24.2.1) s G => and sw\ = w\ 

following [15]. Express the highest weight p = w{\ + p)— p oiV as wX — L- 

Since s may be written as a product of reflections in simple coroots orthogonal to 
p we see that p = sp and hence 

wX — "f = p = sp = swX — 7 . 

Note that 5 $^, C by canceling the terms of the right hand sum that lie in 
with the corresponding terms of the left hand sum one may compute that 

(24.2.2) A = w~^swX — 7 , 

where ^ U —\ 5 $^;). Since A is dominant, we may replace w~^swX in 

(24.2.2) by A — simple and un > 0. In addition since the roots of 

^^The quantities ip{fi) and np{fi) are defined quite differently despite the similarity of notation. 
We trust that with this warning there should be no confusion. 
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n $+ being subtracted in (24.2.2) are positive, it follows that all tth = 0 
and that n $+ = 0; these two facts are equivalent to the desired (24.2.1). 

Now consider an [p(^)-irreducible submodule F C Uac- Since by (24.2.1) 
is stable under either all extremal weights of <I)(F, l)c) belong to or 

none do. Since furthermore membership in <I>„ is given by a linear inequality on 
positive roots and 4)(F, (ic) is the convex hull of the extremal weights, this implies 
that either all of <I)(F, (ic) is contained in or none of it is. An application of 
Lemma 17.6 to any 7 G $(A, ()c) concludes the proof. □ 

24.3. Corollary. Let P be a parabolic Q-subgroup and let V be an irreducible con¬ 
stituent of H^{np; E) for which V\mp is conjugate self-contragredient. Then 

(Cy + P)\ap G => i > ^(dimnp + dimnp(y)) 

and 

(Cy + P)\ap G ap*" i< ^(dimnp - dimnp(tG)). 

24.4. Remark. All results in this section and their proofs generalize immediately 
to the situation in which E is replaced by a “virtual” irreducible G-module, whose 
highest weight A is allowed to be any dominant element of ()J, not necessarily 
integral. They also generalize to parabolic /c-subgroups where k is any subfield of 

R. 


25. The Basic Lemma in the Presence of Equal-Rank Real Boundary 

Components 

We need to replace the term dimnp(E) appearing in Corollary 24.3 by a more 
geometric expression. This can be done in the presence of a Satake compactification 
with equal-rank real boundary components. 

25.1. Let V be an irreducible Lp-module and assume that V\mp is conjugate 
self-contragredient. Let Dp{V) be defined as in §10.2. Let D C rU* be a Satake 
compactification. The decomposition (21.4.1) induces a decomposition of symmet¬ 
ric spaces 

(25.1.1) Dply) = Dp^hiy) X Dp^i{V) . 

Here Dph{V) is defined using Res^ V and similarly for Dpi{V); see the last 
comment in § 10 . 2 . 

25.2. Lemma. Let P be a parabolic Q-subgroup and let D C rD* be a Satake 
compactification for which we assume all real boundary components Dpi ^ > Dp^t f^ 
are egual-rank. Let V be an irreducible constituent of H{np; E) for which V\mp is 
conjugate self-contragredient. Then 

dimnp(E) > dimap-I-dimDp7(E) . 

Remark. A similar result was proved by Borel in [7, §5.5] under the weaker as¬ 
sumptions that D and Dpi are equal-rank and a certain condition (B) holds. The 
condition (B) needed to be verified for each desired case and Borel expressed the 
hope that it could be replaced by a more conceptual argument. The proof offered 
below, while not transparent, is at least free from case by case analysis. 
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Note also that condition (B) does not hold^® in one case of interest where the 
lemma above does apply: G = SO(p, q) with p + q odd with the Satake compacti- 
fication in which a is connected only to the short simple R-root. In this case there 
are imaginary noncompact roots in Ip (relative to a fundamental Cartan subal¬ 
gebra) which are strongly orthogonal to all real roots in np; the hypothesis that 
the intermediate real boundary components are equal-rank and its use below in 
Sublemma 25.3 was needed precisely to handle this situation. 

Proof of Lemma 25.2. We first establish notation. Let 0 be a Cartan involution of 
Lp(]R) with Cartan decomposition Ip = tp + pp + ap. Let p = bp,e + bp^p + ap 
be a fundamental 6 *-stable Cartan subalgebra of Ip and choose a 0-stable positive 
system $+([pc, ()c) for Ipc; thus Tp = 9. Let p be the highest weight of V and let 
Lp{p) be defined as in §10.1 with Cartan decomposition tp{p) + pp{p) + ap- Let 
<I>+(pp(/i)c, bp^tc) denote the positive nonzero weights of bp^tc in pp(p)ci counted 
with multiplicity. We extend the preceding notation to Lp^h and Lp^i by adding 
the appropriate subscript. Finally note that any reductive subalgebra r C Ipc acts 
on itpc by the adjoint action of a lift of Ipc and define np(r) to be the sum of 
the irreducible r-submodules whose set of weights are Tp-stable; thus np([p(/r)) = 
np{p) as in §24.1. It will suffice to prove dimnp(^) > dimup -I- dim Dpj{p). 
Clearly 

(25.2.1) dimup-I-dimUp^f(/r) = 2 • #<l>~''(pP^^(^)c, bp^tc) + dimbKp-I-dimap . 

We begin by bounding the last two terms. Consider np(()c) as defined above; the 
set $(np([)c), t)c) consists of the positive roots 7 satisfying Tp 7 = 7 , that is, the 
real roots. We claim that 

(25.2.2) dimnp(()c) > dimbp_p -b dimap . 

In fact there exists a set of strongly orthogonal roots {(5i,..., (5^} satisfying r'pSi = Si 
and which span bpp -b ap*. To see this, proceed as in [7] to write the centralizer in 
°g of bp 7 as bp^ + 31 . Then 31 has both a split Cartan subalgebra bp_p + ap and, 
since by hypothesis = La,h is equal-rank, a compact Cartan subalgebra. The 
existence of {(5i,..., (5^} then follows from [30], [52, Prop. 11], [53]. 

We now attempt to bound the rest of (25.2.1). For yj S 4)+(pP7(^)c, bpyyc) 
choose 7 G 4 >+([p 7 (/r)c, bpyc) such that yjbp.^.tc = 7 t' T^e root rpy is also in 
‘h’^(Ip 7 (M)C) bpyc) since Tp{p\bp) = p\bp- Let r-, denote the reductive subalgebra 
t)C C 1^7 C lp{p)c with root system $ n Span{ 7 ,Tp 7 }. Clearly 

d>(np(t)c), l)c) C $(np(t^), (ic) C d>(np(Ip(^)c), (ic) = d>(np(^), ()c)- 

We will see below in Sublemma 25.3(i)(iii) that there exists a pair of roots ry 
TpT] G $(np(r-y), ()c) \ $(np(()c), [)c) C $(np(yi), ()c)- This would imply 

(25.2.3) dimnp(yi) - dimnp(()c) > 2 • # 4 >+(pP 7 (/i)c, bpyc) 

(and hence prove the lemma in view of (25.2.1) and (25.2.2)) except that we have to 
deal with the possibility that the sets 4>(np(t.y), [}c) \4)(np([}c), (ic) for the different 
7 t may not be disjoint. 

Since [71 = [rpy] and no multiple of 7 —rpy can be a root (recall that Ipc has no 
roots negated by Tp), one easily checks that { 7 ,tp 7 } is a base for the root system 
of Xy and the type is Ai (if 7 = Tpy), Ai x bli, or bl 2 . Now consider 75 ^ 7 ( G 

^®In [7, §6.6] it is mistakenly asserted that condition (B) holds in this case. 
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&p,f,{c) and choose corresponding roots 7 ^ 7 ' G Pp^c)- 

Suppose that $(np(r^), ()c)\‘h(np(f)c), Pc) and $(np(ry), pc)\‘h(np(pc), Pc) have 
nonempty intersection. Then there exists a root 77 G $(npc, pc) for which Tpij — ry 
is a nonzero Z-linear combination of both { 7 ,Tp 7 } and { 7 ^Tp 7 '}. Since Tprj — rj 
is Tp-invariant, this means that 7 + Tpj and 7 ' + Tpj' are scalar multiples of each 
other. But (l/ 2)(7 + tp 7 ) belongs to either the reduced root system $(tpc,Pc) 
(if 7 = rp 7 ) or the reduced root system <I)(tpc, fap.tc) (if 7 7 ^ tpi)j and similarly 
for (1/2) ( 7 ' + Tp^'). Thus 7 + rp 7 and 7 ' + Tp^' can be scalar multiples of each 
other only if 7 (say) satisfies 7 7 ^ rp 7 and 7 ' satisfies 7 ' = Tp^'. It follows from 
our comments earlier then that 7 ' = 7 + rp 7 and r.., has type A 2 . 

So <I)(np(t.y), Pc) \ ‘&(np(pc), Pc) can intersect with at most one other such set 
and it will suffice to show that in this case $(np(r-),), pc) \ ‘f’(ap(pc), Pc) contains 
an additional pair of roots rj' 7 ^ Tpiyb But if such a pair of roots did not exist, the 
only nontrivial r.y-submodule of np(r.y) would have weights (after interchanging rj 
and Tp ?7 if necessary) {ry, ly + 7 = Tpiy — Tp 7 , Tpry} and hence {rj, 7 , Tp 7 } would be 
the base of a root subsystem of type A 3 . Sublemma 25.3(ii) following shows this 
situation cannot occur. □ 

25.3. Sublemma. As in the proof of Lemma 25.2 let 7 t G ‘&'^(pP 7 C) bp.^.ec) and 
choose 7 G <I>'''(Ip 7 c, bp.^c) such that 7 |bp,,_tc = 7t. 

(i) If Tp^ 7 ^ 7 , then there exists a root S = r'pS G <I>(npc, pc) such that {after 
interchanging 7 and Tpj if necessary) rj = S — j and Tpr] = (5 + rp 7 are 
also roots. 

(ii) If in (i) the roots {ly, 7 ,Tp 7 } are a base of a root subsystem of type A 3 , 
then there also exists a root 6^6 with 6 = TpS and one 0 / 5 ± 7 a root. 

(iii) If Tp^ = 7 , then there exists a root rj G ^(npc, pc) such that Tprj = ij + kj 
for some fc G Z \ {0}. 

Proof. Let {^i,..., Jp} be a set of strongly orthogonal roots spanning bp,p Tap * and 
satisfying Tp 6 i = 5i as in the proof of Lemma 25.2. If Tpy 7 ^ 7 then 7 |(,pp+aG 7 ^ 0 
and so there exists S = 6 i such that 7 ^ 0. By interchanging 7 and tp 7 if 

necessary, we may assume ( 7 , 6 '^) > 0. Then ?y = 5 — 7 is a root which proves (i). 
Part (ii) will follow if we show there exists 6 = 6 j ^ 6 i with 7 ^ 0 as well. 

But if such a 6 did not exist, 7|(,pp+a^ = C(5 for some scalar c and it is easy to 
check that the conditions on c implied by the equalities |i5 — 7 I = I 7 I = |i5| and 
2 ( 7 ,Tp 7 )/| 7 p = —1 for a Weyl group invariant inner product on a root system of 
type A 3 are inconsistent. 

If Tpj = 7 we claim that there is a nontrivial 7 -root string through some root 
in R 7 + bpp -I- Up*. On such a root string the operator Tp acts as reflection in 7 
and hence the root string is Tp-stable. Thus part (iii) follows from the claim if we 
set ry to be any root in the root string other than at the center. 

The claim is obvious if -P 7 or — 7 is a root for some i we are done, so we 
assume that 7 is strongly orthogonal to {(5i,... ,(5r}. Recall [29, Chapter VII, §7] 
that a parabolic M-subgroup R is called cuspidal^"^ if Lp/Z{Lp) is equal-rank, 
where Z{Lp) denotes the center. Let i? C P be a cuspidal parabolic R-subgroup 
with Rbp = bp 7 and split component = bp^p -P ap; to construct R apply [29, 

^^This usage is different from that in [33] or [9]; R being cuspidal in those references corresponds 
here to R being defined over Q. 
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Prop. 7.87]. Since tr = Tp = 9 on i), j remains an imaginary noncompact root for 
[flC- Thus there is a Cayley transformation [29, Chapter VI, §7] which transforms 
7 into a real root. That is, there exists a inner automorphism c-,, of lijc such that 
^' = [rC] c.y(()c) is a 6l-stable Cartan subalgebra and Cj o (sj o 9) = 9 o Cj on f). 
Let i?' C i? be a cuspidal parabolic K-subgroup with Rb/j/ = c.y(Ker 7 n Rb/j) and 
rUr' = ]Rc-^( 7 ^) + rUr. The roots {(5i,..., Sr, Cj('y)} form a strongly orthogonal 
basis of rQr* and to prove our claim we need to demonstrate that there is a 
nontrivial c-^( 7 )-root string through some root in ru^*. 

From our hypotheses on the Satake compactification we now construct another 
independent set ..., i5[._|_i} of roots spanning ru^*. Define a sequence of para¬ 
bolic K-subgroups 

R' = Rq C C ■ ■ ■ C R'r+i = G 


inductively by choosing i?' to have type rA^I = {ai ,..., where Oj G rA^/’ . 

Thus the corresponding real Satake boundary component strictly increases at each 
stage. 


D 


R'^,h 


= Dr 


,h S DR[\h S 


< D 


R'l 


= D 


On the other hand, since Lp^h is equal-rank and 7 was a root of Ipj, we have 
Lr'r = Lph and hence Dp^ f^ = Dpp f^. We now claim that each parabolic sub¬ 
group R[ is cuspidal. This follows since Lri^i/Z{Lri) is an almost direct factor 
of Lr! ^^iIZ{Lri, ^), which is equal-rank by induction, and Lrijt is equal-rank 
since the boundary component DR>i fi is equal-rank by hypothesis. Thus for each 


f = 1,..., r -I- 1 there exists a root (5' which spans RUpi * [30], [52], [53]. 


Since Cj{j) G rcIr* is nonzero there exists 1 < i <r + l such that (cj(j), S'^} ^ 
0. The desired nontrivial c-y( 7 )-root string would now exist provided 0 .^( 7 ) ^ ±5'. 
To show 0 -^( 7 ) cannot equal ±(5', write rA§, = {ak} where 1 < k < r + 1. Thus 
0 -^( 7 ) is a multiple of ak- On the other hand, 5' is proportional to the projection 
of ai to RCi^i , that is, S'^ ^ at + ^j^iCjaj where all Cj = 0 if and only if 


r' r' 

cti G RCi^i . So if 0 -^( 7 ) were to equal ±<5' then k = i and at G RCi^i . This 

implies that the simple K-roots underlying ai as opposed to {ai ,..., Oi-i} belong 

r' r' ^ 

to different components of Lr^^it- This implies that the condition Ui G rA^,’ 
actually means ai G rA^,’^ . But since 7 is a root of 0 .^( 7 ) is a root of and 
hence a linear combination of roots in rA^! = rA^,^ and so can’t be proportional 
to ai- □ 


25.4. Corollary. Let P be a parabolic Q-subgroup and let D C rD* be a Satake 
compactification for which we assume all real boundary components Dr/ ji > Dpi ^ 
are equal-rank. Let V be an irreducible constituent of H’‘{np; E) for which V\mp is 
conjugate self-contragredient. Then 

(Cu + p)|op G-dp" => f > ^(dimnp-I-dimttp-I-dimL>P_£(V)) 

and 

(Cu + P)|ap G ap*" i < i(dimnp - dimttp - dimL)p_£(V)). 

Proof. Combine Lemma 25.2 and Corollary 24.3. □ 



84 


LESLIE SAFER 


Remark. For the Baily-Borel-Satake compactification in the Hermitian case, the 
second inequality (for in a larger cone) is the content of [47, Prop. 11.1]. Shortly 
after [47] appeared, Saper and Stern noted that the result generalized to Satake 
compactifications of equal-rank symmetric spaces where all real boundary compo¬ 
nents were equal-rank—a proof replaced Lemmas 11.6 and 11.7 from [47[ with a 
case by case analysis based on the list appearing in [58, (A2)]. The proof here via 
Corollary 24.3 and Lemma 25.2 is independent of classification theory. 


26. Restriction to Fibers of tt-. X ^ X* 

26.1. Theorem. Let Fr he a stratum of a Satake compactification X* and as¬ 
sume that all the real boundary components D^i h > Dr.h of the associated Sa¬ 
take compactification mD* are equal-rank. Let x € Fr and consider the inclusions 
iR,e- ■n-~^{x) = Xr^i ^ X and ir: 7r“i(FR) = Xr{Lr^i) ^ X. Let M he an 
L^-module. Then 

(26.1.1) SS(zJj^^M) C Reslz^SS(M) and SS(zr_^M) C Res^ z^ SS(M) . 


We have the estimates 


d{i*R^M)< sup (c?(R; Al) + ^(dimFp^ + dimFp ^(R)) 
(26.1.2) ’ Fess(M) 2 

+ 2 codimR* Fr - dim ) 


and 


1 


c(zr^AI) > _ inf i c{V]M) —-{divaDp p —(Tim. Dp AV)) 

' tA.— cici/A-^x' ) ’ ’ 


EeSS(M) 

Pr>Fr 


1 


(26.1.3) 

+ ^ codimR* Fr + dim Up^p, 
In these estimates, V is an irreducible Lp-module and we set R = PT 


Proof. Equation (26.1.1) is simply Propositions 23.3 and 22.8. These propositions 
further imply that if G SS(zp^Al), then there exists V G SS(zpAf) and V G 
SS(Af) such that Res^ V = Vi and there exists 


V = VoA+---4+Vn = V 


satisfying (23.3.1)-(23.3.3). Furthermore, as in the proof of Lemma 23.2, we have 
an almost direct product factorization 

Tp^ = Lp.^hLp^/ = Lp^^hLp'*l’^Lp^p^^e . 

Let Fp*Y’^ denote the symmetric space associated to Lp'^f’^. Thus we can apply 
Corollary 25.4 to the parabolic [Pi/Np^pf) n Lp^p^^h Lpi+i,h and the induced 
Satake compactification of in order to conclude that 

[Vi+i : Vi] < i(dimnp*+^ - dimapi+^ - dimFp‘+/’^(Ri)) 


(26.1.4) 
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Now ^{Vi) is a direct sum of copies so Dp^^i{Vi) = x 

Dpipi,e{^i+i). Consequently if we sum (26.1.4) for t = 0,..., N — 1 we obtain 

[V :V] < -(dimUp — dimup — dimZlp’^^(R)) 

(26.1.5) 1 - - ’ 1 

= --{dimDp’^ + dimDpf{V)) + - codimpi Fp — dimUp 
2 ’ ’ 2 

since 

codiniF^ Fr = dim rip + dim ap + dim . 

We now calculate that (26.1.2) holds by using (10.3.2), (22.6.2), (22.8.2), and 

(26.1.5) . The proof of (26.1.3) is similar. □ 

26.2. Corollary. In the above situation, assume further that SSess(A4) = {E} for 
E G 3rr(G) with c{E; JV{) = d{E; A4) = 0. Then 

d{i*p iM) < i codimFp — dimUp and c(ip_^A4) > - codimFp + dimUp. 

Proof. Any V G SS(Al) satisfies V =^o E by Corollary 9.3 and therefore has the 
form H^^'^'>(np-,E)yj where w is fundamental by Lemma 9.1. However since D is 
equal-rank the only fundamental parabolic M-subgroup is G. Hence SS(A4) = {F}. 
Now apply (26.1.2) and (26.1.3). □ 

27. Application: the Conjecture of Rapoport and 
Goresky-MacPherson 

27.1. Theorem. Let X* he a Satake compactification of X for which all real bound¬ 
ary components Dp h are equal-rank, and let tt : X ^ X* be the projection from the 
reductive Borel-Serre compactification. Let p be a middle perversity. Then there is 
a natural quasi-isomorphism 7r*FpC(A;E) = FpC(A*;E). 

Remark. When D is Hermitian and X* is the Baily-Borel-Satake compactification, 
the equal-rank hypothesis is automatic. In this case the theorem was conjectured 
independently by Rapoport [39] and Goresky and MacPherson [24]; a proof in this 
case for Q-rankG = 1 was given by Saper and Stern [40, Appendix]. 

Proof. For x G Fp, a proper stratum of A*, let ix- {x} ^ X* and Ip,^: Tr~^{x) = 
Xp^i ^ A be the inclusion maps. Let q{k) = k — 2 — p{k) be the dual middle 
perversity. By the local characterization of intersection cohomology [23], [10, V, 
4.2] on A* we need to verify that 

(i) 7rH<FpC(A;E) is A-clc, 

(ii) 7rH<FpC(A; E)|x is quasi-isomorphic to E, 

(iii) i7*(i*7rH<FpC(A; E)) = 0 for x G Fp, i > p(codimFp), and 

(iv) i7*(t!,,7rH<FpC(A; E)) = 0 for x G Fp, i < dim A — g(codimFp). 

Condition (i) follows from [10, V, 10.16] and condition (ii) is obvious. For the 
others, calculate 

F(z:7r,FpC(A;E)) ^ F(Ap,^; ?^^^FpC(A;E)) by [10, V, 10.7], 

^ H{Xpy,ip ^IpC{E)) by Thm. 4.1 and Prop. 5.4 
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and similarly i/(i*7rH.XpC(X; E)) = H{XrXi ^'r t^pC{E)). Now since all strata of X* 
have even dimension by the equal-rank hypothesis, p(codimi^/j) = i codim — 1 
and dimX — ^(codimFR) = ^ codim -I- 1. Thus we need to demonstrate that 

H\Xr^i- i*^ iIpC{E)) =0 for i > i codim 
(27.1.1) _ ’ i 

H\XRX,rj^ gIpC{E)) =0 for i < - codim T’ij. 

Under the equal-rank hypotheses, the possible types of irreducible Q-root sys¬ 
tems that can occur in G are Bn, BCn, Cn, and G 2 [58, (A.2)]. Thus we can 
apply Corollary 17.2 to see that the essential micro-support of IpC{E) is simply 
{E}] Corollary 26.2 then implies that < ^codimFfj and c{ir^^M.) > 

i codim Tfl. The proof (27.1.1) is concluded by applying our vanishing theorem for 
the cohomology of C-modules, Theorem 10.4. □ 

27.2. If we replace the use of Corollary 17.2 by Theorem 16.3 in the preceding 
proof we obtain the following theorem. 

Theorem. Let X* he a Satake compactification of X for which all real boundary 
components Err are equal-rank, and let tt: X X* be the projection from the 
reductive Borel-Serre compactification. Let rj be a middle weight profile and let p 
be a middle perversity. Then there is a natural quasi-isomorphism 7r*>V’'C(Ar; E) = 
IpC{X*-,E). 

Remark. When D is Hermitian and X* is the Baily-Borel-Satake compactification, 
this theorem was the main result of [22]. 
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